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Abstract
In order to get a better insight into the plasma behaviour inside a Hall eﬀect thruster (HET),
many aspects of the physics that regulates the thruster operation were investigated.
An overview of plasma-wall interactions and erosion models is presented, highlighting their ad-
vantages and drawbacks, and an original sheath model that allows for a general inclination of the
magnetic ﬁeld with respect to the wall is described.
Then a one-dimensional model of the plasma dynamics in the acceleration channel and near
plume region of a HET is formulated. The model allows for a ﬁrst order study of the plasma
behaviour in standard conﬁguration HETs with ideal, quasi-radial magnetic ﬁeld topologies. An
accurate description of plasma-wall interactions, neutral motion, electron diﬀusion and external
plume expansion was included in the model. Moreover, a sensitivity analysis of the system was
performed, underlining the small inﬂuence of the pressure and of the ion's velocity boundary
condition at the anode.
The performance predicted by the 1D model is then compared with the experimental data avail-
able for the Alta HT-5k Thruster. After calibration, the model was capable of accurately predict
the operation conditions of the thruster, thus validating the model for the analysis and design of
standard HETs.
In addition, non-standard, low erosion HET conﬁgurations are investigated, focusing on the mag-
netic shielding concept.
Finally a second model of a general HET with complex 2D magnetic ﬁeld topologies is formulated.
Due to the anisotropy induced in the plasma by the magnetic ﬁeld, this second model relies on
a one-dimensional approach in magnetic coordinates, assuming that the dominant plasma gradi-
ents are in the direction orthogonal to the magnetic ﬁeld lines. This model is able to describe
the behaviour of non-standard, possibly magnetically shielded, conﬁgurations, and will provide a
design tool for the development of future, low erosion Hall eﬀect thrusters.
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Introduction
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Chapter 1
Plasma Propulsion
1.1 Basic concepts of space propulsion
The main requirement that characterizes a space mission is the propulsion system throughput
capability. Both onerous maneuvers (as the orbit raising or the escape form Earth's gravitational
ﬁeld) and in-orbit maneuvers (as station keeping and attitude control) depend on the propulsive
capabilities of the vehicle.
In order to better understand the adavantages of electric propulsion, it is useful to brieﬂy describe
the basic concepts about space propulsion.
The ﬂight of a rocket in a gravitational ﬁeld is originated as a reaction to the momentum brought
along with the propellant expelled from the rocket itself, and is described by the equation of
motion:
M~˙v = −m˙ ~ue + ~Fg (1.1)
Where M is the istantaneous mass of the veichle, ~˙v is the accelleration vector, m˙ is the mass
ﬂow rate, ~ue is the eﬀective exhaust velocity, that in ﬁrst approximation is the velocity of the
propellant that leaves the rocket with respect to the vehicle, and ~Fg is the force of gravity.
The ﬁrst term on the right in Equation 1.1 represents the thrust acting on the rocket and can be
described as an external force applied to the thruster
~T = −m˙ ~ue (1.2)
If the rocket operates at ideal conditions, thus with a constant ~ue parallel to the rocket initial
velocity, and in a region where the gaviational force is negligible compared to the thrust, the
integration of the equation of motion is straightforward and gives the fundamental Tsiolkovsky
3
4 CHAPTER 1. PLASMA PROPULSION
equation:
∆v = ue ln
M0
Mf
(1.3)
whereM0 andMf are respectively the initial and ﬁnal mass of the veichle and ∆v is the magnitude
of velocity increment due to the ejection of a certain mass ∆M = M0 −Mf of propellant.
An important parameter, traditionally used to characterize the thrusters performances, di-
rectly linked with the eﬀective exhaust velocity is the speciﬁc impulse Isp
Isp =
ue
g0
(1.4)
where g0 is the gravitational acceleration at sea level.
Therefore, Tsiolkovsky equation can be written as
∆v = Ispg0 ln
M0
Mf
(1.5)
and rearranging it
Mf
M0
= exp
(
− ∆v
Ispg0
)
(1.6)
This formulation highlights the relevance of the speciﬁc impulse in order to optimize (mini-
mize) the propellant mass needed to accomplish a mission.
In particular, each speciﬁc mission is linked with a ∆v required to accomplish it (typical values
are listed in Table 1.1).
Mission 4v [m/s]
low altitude injection 100÷ 1000
medium orbit injection 2500÷ 5000
geostationary orbit injection 6600
Earth-Moon 13000
Earth-Moon-Earth 18500
Earth-Mars-Earth 27000
aerodynamic drag compensation 320
EWSK geostationary satellites 2/year
NSSK geostationary satellites 50/year
Table 1.1: Various missions typical ∆v
Equation 1.6 states that if the propulsive system is capable of providing a higher Isp a lower
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total propellant mass we'll be needed to accomplish the same misson.
From this simple analisys it is clear that the thrust should be achieved via an high exhaust
velocity, rather than a high ejection of mass, in order to reduce the needed propellant mass and
therefore (with the same total initial mass) increase the payload mass allowed to be brought in
space.
1.2 Electric propulsion
Spacecraft require on-orbit propulsion systems for tasks such as stationkeeping, orbit re-phasing,
and orbit transfer. Satellite propulsion systems have typically relied upon chemical rockets.
The fundamental mechansim of chemical propulsion is linked to the reaction between an oxidizer
and a fuel, and to the successive gasdynamic expansion and acceleration of the combustion prod-
ucts. This kind of propulsion has two limits in developing higher exhaust velocities: an intrinsic
limitation due to the chemical energy stored in the propellant mass, and a technological limita-
tion, imposed by the maximum temperature that can be reached in the combustion chamber to
avoid eccessive heat exchanges with the walls and, thus, their structural failure.
These limitations imply an upper limit to the speciﬁc impulse that chemical thrusters can achieve
in the order of 300÷450 seconds.
In order to substantially increase the speciﬁc impulse, it is needed to abandon the acceleration
process used in chemical propulstion and rely on diﬀerent kinds of propulsion mechanisms as
electric propulsion.
R.G. Jahn in Ref. [1] deﬁnes elecric propulsion as:
...the acceleration of gases for propulsion by electrical heating and/or by electric
and magnetic body forces
Starting from this deﬁnition he identiﬁes three diﬀerent concepts:
1. Electrotermal propulsion, where the propellant gas is electrically heated and then expanded
in a nozzle.
2. Electrostatic propulsion, where the propellant is accellerated by direct application of elec-
trostatic body forces to ionized particles.
3. Elecromagnetic propulsion, where an ionized propellant ﬂow is accellerated by interaction
of external and internal magnetic ﬁelds with electric currents driven through the stream.
Table 1.2 gives an overview of the most notable devices developed until now.
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Table 1.2: Electric Propulsion main devices
Electric thrusters could produce speciﬁc impulses that are one order of magnitude higher than
modern chemical thrusters. The principal limitation in the performance regards the mass of the
power suply which is needed to produce a certain speciﬁc impulse. Indeed, all electric thrusters
require separate energy sources, in this case, an electric power supply (e.g. solar panels).
A mission performed at a constant thrust level T and for a certain ﬁring time ∆t, the total
mass of the propellant used is:
Mp = ∆m = m˙∆t =
T∆t
ue
=
T∆t
Ispg0
(1.7)
The mass of the power supply, Mpower, will scale monotonically with the power level needed
P = Tue2η , where η indicates the eﬃcency of the conversion from electric to exhaust kinetic power
(thrust eﬃciency). Assuming a linear dependance through a constant coeﬃcient α:
Mpower = αP = α
Tue
2η
= α
g0TIsp
2η
(1.8)
The total mass, that is the sum of Mp and Mpower, is therefore a function of the speciﬁc impulse
(Figure 1.1).
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Figure 1.1: Propellant and power supply mass dependance on the speciﬁc impulse
As is shown in the ﬁgure, for a speciﬁc mission, there exists an optimal value of the speciﬁc
impulse that minimizes the total mass. For lower speciﬁc impulses, the advantage established by
the propellant mass reduction is lost, while for higher values the mass of the power supply can
become dominant, heavily penalizing the total mass budget.
It is therefore clear that it won't be possible to fully take advantage of the high speciﬁc impulses
allowed by the electric propulsion untill the technology won't be able to provide power supplies
capable of providing high power per unit mass (reduce α).
Another issue linked to the same problem is the level of thrust attainable by electric propulsion
devices.
As said, the electric power needed to produce thrust is
P =
TIspg0
2η
(1.9)
Given a reasonable speciﬁc impulse for an electric device of about 2000 s and a thrust eﬃciency
of about 50% (a slightly optimistic value), the actual power levels available in space do not allow
to obtain high levels of thrust. The speciﬁc power, deﬁned as the ratio between the power used
and the thrust generated PT is very high, about 20
kW
N . For this reason the usage of electric
propulsion is conﬁned to low thrust applications.
In Table 1.3 the typical values of the characterizing parameters of diﬀerent electric propulsion
devices are shown.
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Table 1.3: Main parameters of diﬀerent electric propulsion devices
At the moment, the most promising technology for future missions is represented by Hall
eﬀect thrusters, that allow for relatively high thrust eﬃciencies and thrust density in the correct
speciﬁc impulse range.
Chapter 2
Hall Eﬀect Thrusters (HET)
2.1 Historical background
Stationary Plasma Thruster (SPT), together with Thruster with Anode Layer (TAL), are com-
monly called Hall Thrusters or Closed Drift Thrusters. They generally use noble gas propel-
lants for their small chemical reactivity. For the majority of modern applications, Xenon is the
common propellant choice. It has a relative low ﬁrst ionization energy (ΣI = 12.13 eV) and a
high atomic number (131); this makes it very attractive for low-Earth missions which usually
require higher thrust instead of high speciﬁc impulse. These thrusters are especially suitable for
orbit corrections and station keeping of geostationary satellites and for primary propulsion in
interplanetary missions. Originally developed in the 1960's by A. I. Morozov, the ﬁrst successful
on-orbit test was completed in 1972. For over ten years, Soviet/Russian spacecraft have used
HET for station-keeping and on-orbit maneuvering, but, in spite of more than three decades of
SPT research and development, physics of SPTs is still not fully understood. Western interest
in HET has grown with the commercial satellites business, and it is actually spreading itself to-
wards both relatively high thrust and micro thrust devices. Massive experimental and numerical
modeling eﬀorts have been undertaken to enlighten characteristics and issues of classical thruster
conﬁgurations, as well as to develop new ones. Recently, Hall Eﬀect Thruster began to be seen as
a very interesting alternative to chemical propulsion even for mid-thrust operations. Their main
advantages, with respect to other electric rocket devices, are that:
 ionization is essentially due to the discharge current and doesn't need additional means
to occur, such as in other electrostatic thrusters (for example); this means high ionization
eﬃciency;
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 quasineutrality hypothesis holds approximately anywhere in the channel (with the exception
of thin layers along the walls, the sheaths) but the acceleration process is essentially elec-
trostatic (even if magnetic ﬁeld eﬀects play an important role). This implies that limitations
on charge space distribution do not apply, allowing for high thrust densities;
 electrodes are not dipped in the plasma region and do not suﬀer of aggressive erosion as in
MPD thrusters;
2.2 HET general scheme
Many diﬀerent Hall Eﬀect Thrusters have been demonstrated to be successful in eﬃcient thrust
generation; they come in diﬀerent sizes and levels of power but all of them present approximately
the same geometrical conﬁguration. Figure 2.1 shows the typical conﬁguration for an HET.
Figure 2.1: Hall eﬀect thruster, general conﬁguration
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The thruster essentially consists of an annular acceleration channel, whose lateral walls are
made up of ceramic materials (typically BNSiO2), embedded in a supporting steel structure.
A magnetic coil surrounds the channel and generates the magnetic ﬁeld through the external
current supply; ferro-magnetic screens drive magnetic ﬁeld lines appropriately in order to have a
strong radial ﬁeld with a small axial component. The Propellant is injected at the anode, which
is essentially a metallic toroidal shaped diﬀusion chamber, from which Xenon comes out trough
a series of holes circumferentially distributed. At the cathode, electrons are generated and are
swallowed by the potential slope into the channel. The positioning of the cathode breaks the
axisymmetric conﬁguration of the thruster; however, because electrons are emitted in a region
of smooth electric potential proﬁle (essentially a zero electric ﬁeld region), their injection point
is nearly indiﬀerent for performance evaluation purposes. The following section gives a brief
overview of basic physics principles about charged particles motion, while Section 2.4 describes
how they contribute to thrust generation in Hall Eﬀect Thrusters.
2.3 Particle motion and Hall parameter
We start analyzing the motion of a charged particle of mass m and charge q in the presence of
an electric ( ~E) and magnetic ( ~B) ﬁelds. The classical theory shows that the motion of a particle
subject to the action of a magnetic ﬁeld is a uniform circular motion in the plane perpendicular to
the ﬁeld lines. In this case we introduce a characteristic frequency (called cyclotron frequency)
deﬁned as
ωe =
qB
m
(2.1)
The radius of the circular orbit is called Larmor Radius and its value is simply
rL =
mv⊥
qB
(2.2)
where v⊥ is the velocity perpendicular to the magnetic ﬁeld lines. Let us now consider the case
in which an electric ﬁeld ~E is applied, orthogonal to ~B. When an ion moves along the direction
of the electric ﬁeld, it is accelerated and his Larmor radius increases; when the ion moves against
the ﬁeld its Larmor radius decreases. The overall result is that the ion follows a cycloidal motion;
the guiding center drifts perpendicularly to both ~E and ~B as shown in Figure 2.2. Electrons have
a smaller Larmor radius than ions due to their lower mass but follow an ~E × ~B motion in the
same fashion.
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Figure 2.2: Guiding center drift due to electric and magnetic ﬁelds
The behavior of an assembly of particles can be thoroughly described by the Boltzmann
equation. If we are interested in the global collective behavior of the various components of the
working medium, a description in terms of average behavior can be suﬃcient. This is usually
done by taking the ﬁrst three velocity moments of the Boltzmann equation, thus obtaining the
mass, momentum and energy conservation equation for each species. These equations are gen-
erally called ﬂuid equations. When combined with the Maxwell equations and with appropriate
constitutive relations, the ﬂuid equations provide a complete description of the collective behavior
of the medium in all its components. A simpliﬁed view of the problem shows that, even in the
presence of a bulk ﬂow, a particle has an ~E × ~B drift. Collisions between particles force them
to diﬀuse in the E direction preferentially; this is because every time a particle collides with an
other, it is supposed to stop and then is accelerated again by the electric ﬁeld.
Figure 2.3 shows the drift direction modiﬁed by collisional events.
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Figure 2.3: Deﬂection of main electron drift direction due to collisional events
The angle θ is a function of collisional (ν) and cyclotronic (ω) frequencies according to the
following expression
β = tan θ =
ω
ν
(2.3)
β is called Hall parameter and is a measure of the collisional behavior of the plasma.
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2.4 Acceleration process and thrust generation
Figure 2.4 illustrates the operating principles of Hall eﬀect thrusters.
Figure 2.4: Hall eﬀect thruster with central cathode conﬁguration, electron azimuthal current and mag-
netic ﬁeld
The HET accelerating principle is based on a signiﬁcant decrease in electron axial mobility
at the channel entrance obtained by means of a strong radial magnetic ﬁeld, which forces the
electrons to drift azimuthally while trying to approach the anode. In normal operative conditions
the electron Hall parameter is so high that the electron ﬂow can be approximately described as
a free azimuthal drift. As a result, the potential drop at the end of the channel grows to a far
higher value than that expected without the magnetic ﬁeld. This forces the ions, which are not
signiﬁcantly magnetized and are therefore free to move along the channel, to accelerate down the
potential gradient to high exhaust velocities (namely in the order of 20 km/s, much higher than
in classical chemical propulsion devices).
This process is triggered by a small fraction of the electron ﬂow leaving the cathode, but
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most of the electron current is sustained by the electrons produced by the ionization of the
propellant gas. An equivalent amount of electrons represents the rest of the cathode ﬂow which
neutralizes the ion beam outside the channel. As previously mentioned, in this type of thrusters
the acceleration process is essentially electrostatic: the thrust is entirely attributable to the self-
consistent electric ﬁeld generated within the plasma.
2.5 HET limitations
As already said, a serious limitation in HET usage is the need for electric power to be supplied
by other means (typically solar panels).
Moreover, due to the fact that their use is restricted to low thrust applications, to accomplish a
mission this kind of thrusters usually have to be ﬁred for very long times. The long operational
times bring along a series of practical limitations as, in particular, the erosion of the channel
walls, which modiﬁes the actual thruster performance during ﬁring and can eventually expose the
magnetic circuit, ultimately bringing to the failure of the device.
Channel erosion had been recognized as a potential limitation of Hall thrusters for space missions
early in their history. Although propulsive performance dominated their development early on,
techniques to reduce or eliminate erosion were considered as early as the 1960s [2]. Indeed, the
advanced magnetic ﬁeld topologies that are used in many state-of-the-art (SOA) Hall thrusters
have led to improvements both in performance and wear. However, channel erosion has not been
eliminated or reduced suﬃciently to avoid the risk of thruster failures during deep-space science
missions.
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Chapter 3
Magnetic shielding
3.1 Concept
Magnetic shielding is a new concept in Hall eﬀect thruster technology that is being currently
investigated for the design of long life, low erosion, HETs.
As already discussed, one of the main issues of Hall eﬀect thrusters is the operative life limitations
induced by the high erosion rate of the ceramic channel, that is directly exposed to the high
temperature, high speed plasma.
The basic concept that lies behind magnetic shielding is that, being the plasma a conductive
medium, composed of ions and electrons, the magnetic ﬁeld establishes a strong anisotropy in the
behavior of the plasma itself.
This feature is clearly a key principle needed for the proper working of the thruster itself. However,
by closely manipulating the magnetic ﬁeld topology, it is possible to use it also to eﬀectively
shield the ceramic channel from ion bombardment.
Therefore the main idea can be summarized as:
Magnetic shielding is a new technique in Hall eﬀect thruster design that exploits
non-standard magnetic ﬁeld conﬁgurations to reduce the erosion of the channel
walls.
Even though it is still a concept and still needs in-depth investigations to be completely under-
stood and assessed, the ﬁrst experimental results, in particular from JPL (see Ref. [3, 4, 5, 6, 7]),
suggest that magnetic shielding could drastically reduce the erosion rates (with a signiﬁcant in-
crease of the thruster lifetime) without an excessive penalization of the thruster performance.
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3.2 Historical background
During Qualiﬁcation Life Tests (QLT) of HETs, it was observed that, when the erosion pro-
gressed, the erosion rate decreased and reached an asymptotic value. As shown in Ref. [8], the
SPT models reached this saturation condition when the eroded proﬁles approached the shape of
the magnetic ﬁeld lines close to the channel exit.
Recently, Aerojet and Lockheed Martin Space Systems (LMMS) Company successfully extended
the QLT of the BPT-4000 beyond 10,400 h.
More importantly, post-test assessment of the experimental data showed no measurable erosion
of the acceleration channel walls after the ﬁrst 5,600 h, indicating that the thruster reached a
zero erosion conﬁguration.
This implies that, if enough time is given to the erosion to act, the relative conﬁguration of geom-
etry and magnetic ﬁeld obtained by the thruster can reach a steady state in which no further
erosion is observed.
As it is clearly evident, a zero-erosion conﬁguration of a Hall eﬀect thruster is of great interest
for future, long-term missions. The experimental results imply that, if properly designed, the
service life of Hall thrusters can be extended to (or exceed) that of ion thrusters, thereby retiring
the perceived risk associated with their throughput capability.
Soon after the BPT-4000 QLT a big research eﬀort was devoted by NASA's JPL, through ad-
vanced 2D modeling and simulation activities of Hall thruster, in order to give a physical justiﬁ-
cation of the erosion saturation phenomenon
3.3 Physical justiﬁcation
In order to be able to understand qualitatively the erosion saturation and the magnetically
shielded HET conﬁgurations, it is ﬁrst needed to have a general brief discussion about elec-
trons behavior along magnetic ﬁeld lines.
In particular two key aspects need to be analyzed: the isothermality of magnetic ﬁeld lines
and the thermalized potential
First of all it is important to notice that the eﬀect of the magnetic ﬁeld is not isotropic and,
due to the low collisionality of the plasma, the electrons are free to ﬂow along the magnetic ﬁeld
lines. As shown by Morozov in Ref. [2] , electrons rapidly reach isothermal conditions along the
magnetic ﬁeld lines, it is therefore possible to assume Te = Te0 along a magnetic ﬁeld line (where
Te0 is the value of the electron temperature at a reference position along the magnetic ﬁeld line).
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In order to understand the second property, we ﬁrst need to consider the electrons population
in the plasma and in particular the second order moment of the Boltzmann's equation for the
electrons. the resulting electron momentum equation (neglecting the deviatoric term in the stress
tensor) can be written as
mene
[
∂ ~ue
∂t
+ ~ue · ∇ ~ue
]
= −ene
(
~E + ~ue × ~B
)
−∇Pe + ~C (3.1)
where me is the electron mass, ne is the electron density, ~ue is the electron velocity, e is the
electron charge, Pe is the electron pressure and ~C is the collisional exchange of momentum.
If then we introduce some simplifying hypothesis, considering typical HET operational parameters
and neglecting those terms not relevant for an intuitive understanding of the concept:
 negligible electron inertia;
 negligible collisional momentum exchange for the electrons;
 stationary conditions, therefore ~E = −∇φ , with φ the electric potential;
and if we then project the vectorial equation along a magnetic ﬁeld line, over which a curvilinear
abscissa s is deﬁned where, we obtain
0 = ene
∂φ
∂s
− ∂Pe
∂s
(3.2)
If we then assume that
 electrons are in thermal equilibrium (Maxwellian distribution function) =⇒ Pe = kneTe
(with k the Boltzmann constant and Te the electron temperature);
 the electron temperature is constan along the magnetic ﬁeld lines, i.e Te = TeM where TeM
is the value of the electron temperature at the intersection of the magnetic line with the
channel centerline;
then, the momentum equation can be written as
ene
∂φ
∂s
= kTeM
∂ne
∂s
(3.3)
that can be simply integrated from the centerline to the general abscissa s to obtain
φ = φM +
kTeM
e
ln
(
ne
neM
)
(3.4)
20 CHAPTER 3. MAGNETIC SHIELDING
This formula states that the plasma potential along a magnetic ﬁeld line is close to constant as
long as the electron temperature and the density gradients along that particular line are small.
This implies that the Electric ﬁeld is close to be orthogonal to the magnetic ﬁeld and that the
deviations from this condition can be reduced decreasing the local electron temperature. This
property, already recognized by Morozov and called thermalized potential, is extremely rel-
evant because, if the temperature is kept suﬃciently low, one can simply design the electric ﬁeld
in the channel by properly designing the magnetic ﬁeld (that is externally imposed).
Consider now the operation of a standard conﬁguration HET where the magnetic ﬁeld lines
at the exit of the channel (where the temperature is the highest) are close to radial and orthog-
onally intercept the channel walls (Figure 3.1a).
The electrons in the region of the magnetic peak can thus reach the channel insulating walls.
Here, a plasma sheath forms in order to balance the ﬂow of charged particles: the electron ﬂow
is reduced by the sheath and the secondary electron emission (SEE) while ions are accelerated
toward the walls. Among the ions that ﬂow through the sheath, those with energy above a speciﬁc
threshold value, which depends on the wall material and on the impact angle, produce a sputter-
ing of the wall, generating erosion. Following the analysis of Ref. [9] (a simpliﬁed approach can
be found also in Ref. [10]), when the balance between the electron and ion ﬂows is obtained, the
sheath potential and the energy of impinging ions have a direct dependence on the local electron
temperature; since the region of maximum temperature is located near the exit of the channel,
that is where the erosion is the strongest.
Starting from the experimental results on the erosion saturation, an increasing interest has been
directed toward non-standard conﬁgurations, in which the erosion rate can be signiﬁcantly re-
duced.
Figure 3.1: HET channel: a) standard conﬁguration @beginning of life (BOL); b) standard conﬁguration
@end of life (EOL); c) magnetically shielded conﬁguration
From the theoretical point of view, the ion bombardment of the channel walls is a consequence
of the ﬂow divergence and of the sheath acceleration (Ref. [11]). The relative contributions of
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these eﬀects may vary signiﬁcantly for each HET model, though the erosion originating directly
from ﬂow divergence is typically low for a properly designed magnetic lens. On the contrary, the
sheath potential drop has a major inﬂuence at the channel exit, where the magnetic ﬁeld peaks and
the electron temperature is higher. Comparing the typical channel shape at BOL and at EOL,
which are shown respectively in Figure 3.1a and Figure 3.1b, it is clear that, during thruster
operations, the situation changes: as the erosion progresses, magnetic ﬁeld lines far from the
magnetic peak cover a greater part of the channel and, since magnetic ﬁeld lines are isothermal,
the near-wall electron temperature becomes lower. Moreover, as the wall inclination increases,
the potential at the wall, which is shaped by the magnetic ﬁeld due to potential thermalization,
becomes more uniform. The resulting electric ﬁeld is reduced along the wall and has a signiﬁcant
component in the orthogonal direction. As a consequence, ions near the walls gain a lower kinetic
energy before entering the sheath. Furthermore, the electric ﬁeld contrasts the plasma radial
expansion, leading to a signiﬁcant reduction of the density in the eroded region. Hence, both the
number and the energy of the ions directed toward the walls are reduced.
This simpliﬁed description, that qualitatively justiﬁes the observed event of erosion saturation,
overlooks important eﬀects, like the dependence of the sputtering yield on the incidence angle
of the ions, the changes on the neutral density due to the channel broadening, the eﬀects of
the changes of channel geometry on the plasma ﬁelds. A detailed numerical investigation of the
discharge plasma ﬂow was carried out in Ref. [3, 4, 5, 6, 7]. Even though the code adopted
an ad-hoc anomalous diﬀusion, which was calibrated on the experimental results, the performed
analysis gives a deep insight on the plasma characteristics and conﬁrms the important role played
by the magnetic ﬁeld.
3.4 Magnetic ﬁeld topology
The basic idea is that, if the magnetic ﬁeld lines corresponding to the magnetic peak do not cross
the channel walls directly but are made tangent to it, the erosion should be drastically reduced
because of three eﬀects:
1. Being the magnetic ﬁeld lines almost isothermal, the grazing line, i.e. the line closest to
the wall and that extends deep back, near the anode, is at very low temperature. Since
the electrons are considerably cooler, the sheath potential drop decreases and therefore the
ions acquire less kinetic energy inside the sheath before striking the wall (in Ref. [4] the
simulation resulted in a decrease of the maximum temperature along the wall of as much
as seven times in the steady state conﬁguration with respect to beginning of life (BOL)).
2. Being the magnetic lines of force close to equipotential, the electric ﬁeld along them is very
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low. If the magnetic ﬁeld lines are close to tangent to the wall, this implies that a relatively
low acceleration of the ions along the wall will be recorded, decreasing the kinetic energy
with which ions enter the sheath (in Ref. [4] the simulation resulted in a decrease of the
voltage drop along the outer diverging wall from 286 V in the 1200h geometry to 30 V in
the steady state conﬁguration ).
3. Again, due to the equipotentiality of magnetic ﬁeld lines, the resultant electric ﬁeld, if
the lines are tangent to the wall, is mostly axial and away from the wall, thus the radial
expansion of the plasma beyond the cylindrical section of the channel is reduced, namely
the jet divergence is reduced (in Ref. [4] the simulation resulted in a reduction of the
electron number density near the diverging exit wall of more than one order of magnitude
in the steady state conﬁguration with respect to BOL).
By reducing the sheath acceleration of ions and the ﬂow divergence near the exit of the channel
is clear that the erosion is drastically reduced.
For standard thruster conﬁgurations, like the one analyzed in Ref. [4], as the erosion advances,
the magnetic ﬁeld lines progressively shield the wall surfaces. However, the erosion rate, which
depends on the speciﬁc magnetic conﬁguration, may still be signiﬁcant, at least in some regions
of the accelerating channel. Moreover, the changes induced by the erosion have an eﬀect also on
the thruster performance.
The idea of magnetic shielding is to directly produce a new generation of HET where the geometry
and topology of the magnetic ﬁeld are such that an eﬀective shield of the walls from erosion is
obtained since BOL. This implies the use of a magnetic ﬁeld tangent to the walls and that extends
deep into the channel.
In Ref. [4], the idea of magnetic shielding was adopted to modify the H6 thruster conﬁguration.
In the new thruster design (illustrated in Figure 3.1c), which presents chamfered channel ceramics,
the magnetic ﬁeld was shaped in order to be almost tangent to the walls. The magnetic peak
was moved outside of the channel while the grazing line, the magnetic ﬁeld line that touches the
chamfer edge, extended deeply inside the channel. For this conﬁguration, the temperature near
the walls is close to the temperature of the grazing line and is thus signiﬁcantly lower than the
peak temperature. Furthermore, the near-wall electric potential is uniform and close to the anode
potential implying that an eﬀective shielding is obtained.
As an application of this concept in Figure 3.2 there is the comparison between a real, traditional
hall eﬀect magnetic ﬁeld topology (Alta's HT-5k) , and a modiﬁcation of the same thrusters but
with diﬀerent magnetic ﬁeld topology that should allow for a magnetically shielded operation
regime.
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(a) Standard conﬁguration
(b) Magnetically shielded conﬁguration
Figure 3.2: HT-5k channel and magnetic ﬁeld topology
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3.5 Deﬁnition of the technical problem
The physics that governs the behavior of the plasma inside the acceleration channel of a Hall
eﬀect thruster is not completely known.
There are still many unanswered questions in the scientiﬁc community; while a simpliﬁed and
qualitative discussion of the processes is a relatively simple task, a detailed description is still
missing.
In particular an accurate description is still missing for what concerns the interaction between
the plasma and the ceramic walls, therefore the sheath formation and the inﬂuence of the various
plasma parameters on it; the erosion process and how it is aﬀected by the sheath and by the
macroscopic plasma motion.
Furthermore, current models of the Hall thruster channels are either completely 2D and, there-
fore, too impenetrable to be able to obtain simple parameters trends and design guidelines, or
extremely simpliﬁed 1D models that lack the insight into the physics to be able to generate
reliable results. This is true, in particular, for wall-interaction modeling (erosion, power losses
etc.) and performance trends, even more when diﬀerent-from-standard HET conﬁgurations are
studied.
Moreover, after the magnetic shielding concept was postulated, only 2D complex simulations
have been proposed, while a simpliﬁed investigation (the ﬁrst step in any scientiﬁc and techno-
logical discovery) is still missing. Even though it is clear the positive eﬀect on erosion given by
the magnetic shielding, it is not yet clear which implications it will have on the performance of
the thruster.
3.6 Research objectives and contributions.
Wall interactions, erosion, and in particular the analysis, justiﬁcation, and implications of the
magnetic shielding concept are currently part of the research on Hall eﬀect thrusters.
The present Thesis summarizes the work performed on magnetic shielding by the author during
his stage at Alta S.p.A..
Alta is currently working on magnetic shielding as part of ESA's Basic Technology Research
Programme (TRP) for on Low-Erosion Long Life Hall-Eﬀect Thruster. The objective of the
programme activities is to ultimately provide a fully functional magnetically shielded Hall eﬀect
thruster.
The main steps are to give a theoretical justiﬁcation and implications of the magnetic shielding,
then, with the insight acquired by the modelization eﬀort, modify the design of Alta's high
power HET, the HT-5k, and test a mock-up thruster with variable magnetic ﬁeld topology, so
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to ultimately ﬁnd an optimal design for future generation HETs. This thesis provides the ﬁrst
research steps in that direction.
The 3 main research objectives of this work are:
1. provide a summary of the state of the art modellization of the plasma-wall interaction
and erosion of the thruster channel, and describe a new sheath model in which a general
inclination of the magnetic ﬁeld line with respect to the wall is allowed;
2. develop a 1D model of traditional HETs conﬁguration capable of accurately predict the
behavior of Alta's HT-5k HET at diﬀerent operation regimes, so to get a better insight in
the physics of Hall thrusters;
3. ultimately formulate a 1D magnetic model that allows for simple analysis of HETs with
generic magnetic ﬁeld topology. The model should be used to study the trends and perfor-
mance of non-standard conﬁgurations with a reasonable error and a simpliﬁed approach;
Finally, this thesis should provide a step forward in HET modelization, giving better insight in
the plasma wall interaction, allowing for a simpliﬁed modelization of traditional HETs and giving
a framework for future ﬁrst order modelization of non standard HET conﬁgurations.
3.7 Organization of the Thesis
The rest of the document is organized as follows:
 In Part II the research on plasma wall interaction is presented. Speciﬁcally, in Chapter 4
the analysis of the behavior of the plasma parallel to the magnetic ﬁeld lines is discussed,
studying diﬀerent sheath models and lastly presenting an original sheath model in which a
generic inclination of the magnetic ﬁeld line with respect to the wall is allowed, generalizing
previous models. In Chapter 5 the analysis adopted for erosion modelization is presented,
discussing semiempirical results found in literature.
 Part III theoretically formulates the monodimensional models to be used for the analysis of
HETs; Chapter 6 discusses the analytical formulation of the 1D model suitable for the study
of standard HET conﬁgurations, with close to radial magnetic ﬁelds. Chapter 7 presents the
formulation of a 1D HET model in magnetic coordinates, that allows a ﬁrst order analysis
of non standard HETs with complex 2D magnetic ﬁeld topologies, using the anisotropy of
the plasma properties induced by the magnetic ﬁeld itself.
 Part IV discusses the actual implementation of the model presented in Chapter 6. In
Chapter 8 the integration procedure adopted in ﬁnding the solution of the general problem
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is analyzed, along with sensitivity analysis of the solution. In Chapter 9 the 1D model
with ideal magnetic ﬁeld topology is applied to predict the operational behavior of Alta's
HT-5k, in terms of both the plasma proﬁles, and the thruster performance. The comparison
between computed performances and experimental ones is then presented, discussing the
accuracy and limits of the model.
 Lastly, in part V, the conclusions are exposed, the results and accuracy of the model are
discussed and, in the end, the work foreseen in the near future is presented, aimed to extend
the analysis of current HETs, and to apply the 1D magnetic model, theoretically formulated
in Chapter 7, to predict the behavior of non-standard conﬁgurations.
Part II
Plasma-Wall Interaction
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Chapter 4
Sheath Model
4.1 The plasma sheath
Plasma exhibits a quasineutral behavior, i.e. it can be considered neutral in its bulk without
great errors; as a matter of fact it is well known that if any charge imbalance were to happen
at a certain time in the bulk of a plasma, the surrounding charges would rapidly act to exclude
the charge imbalance and avoid its electromagnetic ﬁeld to be relevant farther than a length
comparable with the Debye length λD =
(
ε0kTe
nee2
)1/2
(where ε0 is the vacuum permittivity). This
phenomenon is called Debye shielding.
This allows, in the analysis of a plasma, to use the hypothesis of quasineutrality so that the
electron particle density is in ﬁrst approximation considered equal to the ion particle density
ne = ni, (that will be also used throughout the 1D model description in following parts). This
assumption simpliﬁes the discussion and is very well veriﬁed far away from the boundaries of the
plasma domain.
However, let us consider the plasma region near an insulator, as the ceramic walls in a Hall eﬀect
thruster, and consider an initial condition in which quasineutrality is exactly veriﬁed.
While macroscopically the ion and electron ﬂuids may be still in a reference frame moving with
their average ﬂow speed, actually the single ions and electrons have their own thermal motion.
This motion of the single particles can be represented by the Boltzmann's distribution function
that we assume as maxwellian (we'll see how this hypothesis is not very well justiﬁed in the near
wall plasma).
What happens from the initial quasineutral condition is that ions and electrons hit the wall due to
their random thermal motion. When an electron hits the wall it is able to ﬂow inside the medium
while when an ion hits the wall it extracts an electron from the wall itself, recombining in a neutral
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particle. Now, considering a maxwellian distribution for both ions and electrons, at temperatures
Ti and Te the average thermal speed can be expressed as vth =
√
8kTj
pimj
with j = i, e. Now, in typ-
ical operation conditions ion's temperature is much lower than electron's, and ions are typically
considered as cold Ti = 0. Furthermore mi, the mass of the ion, is many order of magnitudes
larger than the mass of the electron me. The conclusion is that electrons have much higher diﬀu-
sive thermal velocities, therefore we expect them, starting from the initial quasineutral condition,
Figure 4.1: Qualitative sheath representation
to be lost to the wall much faster than the
ions. Since the wall is an insulator, not capa-
ble of conducting any current, the charge sim-
ply accumulates on the wall, the plasma is left
with a net positive charge while the wall with
a net negative charge. Because of this phe-
nomenon an electric ﬁeld develops, that accel-
erates the ions towards the wall while discour-
ages the electrons, and that grows stronger un-
til the balance between the two ﬂuxes is ver-
iﬁed. Therefore, at equilibrium, stationary,
conditions, the ﬂux of ions at the wall will be
the same as the ﬂux of electrons, satisfying a
zero net current conduction across the insulating wall.
This potential gradient can't extend over large sections of the plasma since Debye shielding con-
ﬁnes potential variations in a plasma to a layer of few Debye lengths in thickness.
So the plasma sheath is a region, with a length of the order of the Debye length, that originates
near the walls of a plasma boundary. In this region quasi neutrality is broken and strong gradients
in the plasma magnitudes are present.
4.2 Physical description
In order to mathematically analyze the sheath or, better, the whole radial behavior of the plasma
in a Hall eﬀect thruster channel we ﬁrst study a general case.
The idea is to try to decouple the axial problem from the radial one, giving a self-standing
description of the radial trends of the plasma.
Let us consider the behavior of a plasma in a traditional Hall eﬀect channel assuming axisim-
metry. Furthermore let's make the following assumptions:
 standard, quasi-radial magnetic ﬁeld topology ~B = Br eˆr;
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 stationary conditions;
 neglect electron inertia;
 no inﬂuence of the magnetic ﬁeld on ion motion (ion's Larmor radius much larger than
typical thruster dimensions);
 cold ions (Ti ≈ 0);
 radially isothermal electrons (isothermality of magnetic ﬁeld lines);
 only single charged ions are considered;
 Maxwell distribution for the electrons (assumption that will be further discussed in Section
4.3.1.1);
The sheath originates where, near the wall, quasi neutrality is broken, therefore if we want to have
a continuous description from the channel centerline to the wall, we can't make any hypothesis
about the plasma quasineutrality.
If we write the plasma equations we obtain

∇ · (ni ~ui) = neνI continuityi
∇ · (ne ~ue) = neνI continuitye
mini ~ui · ∇~ui = −eni∇φ−miniνi−n (~ui − ~un)−miniνi−e (~ui − ~ue)−miniνI (~ui − ~un) momentumi
0 = ene∇φ− ene ~ue × ~B −∇Pe −meneνe−n ( ~ue − ~un)−meneνe−i ( ~ue − ~ui)−meneνI ( ~ue − ~un) momentume
Te = TeM ”energy”e
Pe = kneTe state
∇2φ = e
ε0
(ne − ni) Poisson
(4.1)
with νI the ionization frequency, νa−b the collision frequency between species a and b and
TeM the temperature of the plasma on the channel centerline, function of the considered magnetic
ﬁeld line.
These equations are completely general; observe that all the collision terms are present and that
the quasineutrality hypothesis was replaced by the Poisson's equation).
Now the idea is that we want to split the radial problem from the axial one, that we assume to
be known (for example in ﬁrst approximation from the results of a 1D model described in the
following chapters).
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Figure 4.2: Schematic representation of the channel
section
If we then project the vectorial equations in
the radial direction (y) as depicted in Figure
4.2, and make the further assumptions (for the
sake of simplicity);
 neglect collisional terms in the radial di-
rection;
 neglect ionization terms for electron's
momentum;
 neglect neutral velocity w.r.t. ion veloc-
ity;
 channel azimuthal curvature small, chan-
nel symmetry with respect to the center
line, so a quasi-planar description is pre-
sented ( M lies on the centerline);
we obtain 
∂(niuix)
∂x +
∂(niuiy)
∂y = neνI
∂(neuex)
∂x +
∂(neuey)
∂y = neνI
mini
(
uix
∂uix
∂y + uiy
∂uiy
∂y
)
= −eni ∂φ∂y −miniνIuiy
0 = ene
∂φ
∂y − kTeM(x) ∂ne∂y
∂2φ
∂x2 +
∂2φ
∂y2 =
e
ε0
(ne − ni)
(4.2)
If we then assume that the radial variation of the axial velocity ∂uix∂y is negligible, isolating the
radial derivatives the ﬁnal set of equations is
∂(niuiy)
∂y = neνI − ∂(niuix)∂x
∂(neuey)
∂y = neνI − ∂(neuex)∂x
miniuiy
∂uiy
∂y = −eni ∂φ∂y −miniνIuiy
0 = ene
∂φ
∂y − kTeM ∂ne∂y
∂2φ
∂y2 =
e
ε0
(ne − ni)− ∂
2φ
∂x2
(4.3)
By analyzing this set of equations we observe that is made of 5 equations of the ﬁrst order and
one equation of the second order in φ (Poisson's equation), in the 5 unknowns uiy, ni, ne, uey, φ.
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Assuming to know the axial variables TeM(x), uix(x), uex(x)and their dependence on the axial coor-
dinate, we are left with a mathematically closed problem, with the following boundary conditions
(BCs) 
uiybM= 0 (1)
uiebM= 0 (2)
nibM= n0 (3)
nebM= n0 (4)
φbM= 0 (5)
∂φ
∂y bM= 0 (6)
(4.4)
These are obvious boundary conditions that ﬁx a reference value of the various variables
assumed to be known on the channel centerline, where φ is arbitrarily set to zero and it's radial
derivative is set to zero due to the assumed symmetry.
Apart of these conditions (that are already 6) a seventh condition can be found: as described
in the qualitative sheath description, the equilibrium is reached when the net current ﬂowing
through the insulating wall becomes zero, this implies that the ﬂux of cold ions to the wall has
to balance the thermal, diﬀusive ﬂux of electrons to the wall.
Since we assumed a maxwellian distribution, the electron thermal ﬂux to the wall assumes the
expression Γew =
(
1
4ne
√
8kTeM
pime
)
bW
Therefore a seventh condition can be found that states
(niui) bW=
(
1
4
ne
√
8kTeM
pime
)
bW (7) (4.5)
equations 4.4 and 4.5 together form a set of 7 boundary conditions. Being 6 the total order
of the system, with 7 boundary conditions the problem is overdetermined.
This fact can be physically justiﬁed by realizing that imposing a zero current condition at the wall
somehow binds the ﬂux of particles crossing it, in order to obtain a stationary solution, in which
the plasma doesn't progressively vanish from the channel (as is imposed) the plasma generation
inside the volume can't be anyone but the combination of νIand of the axial ﬂux variation must
be such to provide for the particles lost to the wall.
Mathematically this problem translates into an eigenvalue problem that has to be solved for the
combination of νI and the axial ﬂux derivative, that can't, therefore, be arbitrarily assigned, as it
is clearly discussed in Ref. [12], this property is referred to in the following as plasma balance.
This general description surely has the merit of keeping all the relevant physical properties that are
involved in the sheath and wall transition of the plasma, but analyzing the problem itself, even if
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we assume that all the axial variables and derivatives are known we are left with: a system of 5 non
linear equations, where, due to the fact that no quasineutrality hypothesis was made, Poisson's
equation ﬁgures as a second order equation that highly complicates the mathematical problem;
where 7 BCs are assigned, therefore morphing this in an eigenvalue problem for the plasma
generation in the channel (plasma balance), and where one of the conditions (the zero current
at the wall) depends on the solution itself. Therefore even though it is indeed a mathematically
closed and physically exhaustive description, it surely is complicated and mathematically stiﬀ,
and doesn't ﬁt in the basic idea of this thesis to be able to describe the plasma trends with a ﬁrst
order description that still retains a reasonable accuracy.
4.3 Asymptotic model
The clear lack of simplicity of the previous approach is provided by the fact that even though we
know that further than a few Debye lenghts away from the walls quasineutrality is pretty much
achieved by the plasma, if we want a complete model able to smoothly describe the plasma from
the bulk, where quasineutrality is present, to the wall, where it is broken, we need to assume that
quasineutrality is not valid anywhere in the channel, adding useless complexity to the problem.
The clear alternative is to divide the radial problem in two separate problems (see Figure 4.3):
1. A region close to the wall (∼ λD ) in which quasineutrality is broken and must be analyzed
with the addition of Poisson's equation, that is the properly called sheath.
2. The rest of the channel region that spans from the centerline to the beginning of the sheath
region where quasineutrality can be assumed.
This idea, that is nothing new in the physical modelization of a phenomenon when in diﬀerent
regions diﬀerent hypothesis can be made, should be followed by a smooth matching of the two
solutions in the matching point.
Unfortunately (see Section 4.3.2.3) this particular mathematical description fails to obtain a
smooth matching due to it's intrinsic mathematical properties.
In any case it is a simpliﬁed description that deserves to be described (and used) in order to have
a ﬁrst order plasma radial behavior capable of giving simple results and property trends, without
extensive computational times.
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Figure 4.3: Two region model of radial plasma behavior
4.3.1 Sheath model
As a ﬁrst step let's study the behavior of the plasma in the region in close proximity of the wall
where quasineutrality is broken.
For the sake of simplicity let's forget the axial motion of the plasma, knowing that the radial
gradients of the properties in this region are very strong, we assume that the axial gradients can
be neglected, therefore this self consistent model is completely 1D in the y direction.
Let's assume that this region starts from at a certain radial position called plasma edge of the
sheath, yet to be determined, where we arbitrarily ﬁx y = 0 before which quasineutrality can be
assumed and after which it is broken (i.e. we could take the position where ni = 0.99ne), and
let's assume that:
 the magnetic ﬁeld line is orthogonal to the wall ( ~B = Beˆy);
 the plasma density ne0 = ni0 = n0 and electron temperature Te0 are known at the plasma
edge of the sheath, where also is arbitrarily assigned the reference value φ = 0 for the
potential;
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 electrons are described by a maxwellian distribution function;
 neglect electron's inertia;
 only singly charged, cold ions drifting towards the wall are considered;
 furthermore we know that the characteristic length of the Debye sheath is of the order of the
Debye length, that is, for typical HET operational parameters, many order of magnitudes
smaller than the typical collision and ionization mean free path, therefore in this region we
can eﬀectively consider a collisionless plasma;
With these hypothesis this model falls into a classical description of Bohm sheath that can be
extensively found in literature (i.e. see Ref. [10]).
With the discussed hypothesis the equations that describe the plasma motion in the radial (par-
allel to the magnetic ﬁeld, and orthogonal to the wall) direction are
∂(niuiy)
∂y = 0
∂(neuey)
∂y = 0
miniuiy
∂uiy
∂y = −eni ∂φ∂y
0 = ene
∂φ
∂y − kTe0 ∂ne∂y
∂2φ
∂y2 =
e
ε0
(ne − ni)
(4.6)
These equations basically state that, crossing the sheath, ions preserve their ﬂux and energy, as
a matter of fact integrating the ion continuity and momentum from y = 0 to the generic y one
obtains:niuiy = n0uiy01
2miu
2
iy0 =
1
2miu
2
iy + eφ
where uiy0,the ion velocity at the plasma edge of the sheath, is still unknown.
Combining the two equations we can obtain the ion's density as a function of the plasma po-
tential: ni = n0
(
1− 2eφ
miu2iy0
)− 12
.
For what concerns the electrons it is clear from the momentum equation that the balance be-
tween the electric ﬁeld and the pressure gradient implies that the electrons become Boltzmann
distributed and therefore ne = n0 exp
(
eφ
kTe0
)
.
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By putting these expression in Poisson's equation we obtain
∂2φ
∂y2
=
eno
ε0
exp( eφ
kTe0
)
−
(
1− 2eφ
miu2iy0
)− 12 (4.7)
Equation 4.7 is a second order equation in the only variable φ that can be solved if two boundary
conditions are assigned, a third one is then needed in order to locate the actual distance from the
wall of the plasma edge of the sheath, the y corresponding to the wall position:
1. the ﬁrst boundary condition is simply the reference value for the potential so φby=0= 0;
2. the second condition is far more tricky, the idea is that knowing that Debye shielding will
act to exclude the electric ﬁeld generated by the wall interaction, we know that the electric
ﬁeld at the plasma edge of the sheath will be much lower than the characteristic electric
ﬁeld inside the sheath. Clearly it won't be exactly zero, as a matter of fact, if the ions
start from the channel centerline with zero radial velocity (due to symmetry), ions need to
accelerate towards the wall to be able to sustain the electron ﬂux at the wall. Thus they
will necessarily enter the sheath with a certain velocity uiy0 6= 0 and therefore a certain
electric ﬁeld is needed to accelerate them from the centerline to the plasma edge. In the
end an electric ﬁeld will be present at the plasma edge, nevertheless it will be much smaller
than the ones inside the sheath and is reasonable, in order to ﬁnd a ﬁrst order result, to
consider ∂φ∂y by=0= 0;
3. the last condition is the imposition of the net total current ﬂowing in the wall to be zero.
Again assuming cold ions and equating their ﬂux at the wall to the electron's thermal ﬂux we
obtain (niuiy) bW=
(
1
4ne
√
8kTe0
pime
)
bW . This can be expressed as a condition on the potential
at the wall if we substitute the expressions of ne, ni, uiy from the previous relations we obtain
φbW= kTe02e ln
(
2pime
mi
)
, that is the so called ﬂoating potential. This is an important
relation that states that the potential drop inside the sheath next to an insulating wall is
basically proportional to the local electron temperature (as already mentioned);
The problem is still not completely closed because we don't know yet the actual ion velocity at the
entrance of the sheath uiy0; this is bound to assume a deﬁned value due to physical restrictions
of the problem.
If we try to solve the equation assuming to know uiy0 we realize it's not a simple task, nevertheless
by introducing some simpliﬁcations we are able to obtain some results:
if we restrict the solution to a region near the plasma edge of the sheath where φ is small and in
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particular
∣∣∣ eφkTe0 ∣∣∣ 1 we can simplify the equation by approximating the two terms on the right
with their Taylor series truncated at the ﬁrst term so
exp
(
eφ
kTe0
)
= 1 + eφkTe0(
1− 2eφ
miu2iy0
)− 12
= 1 + eφ
miu2iy0
By substituting in the equation we obtain
∂2φ
∂y2
=
e2no
ε0kTe0
[
1− kTe
miui02
]
φ (4.8)
that is basically ∂
2φ
∂y2 =
φ
χ2 with χ
2 =
λ2D0(
1− kTe0
miu
2
iy0
) and λD0 = ε0kTe0e2n0
This equation allows for a straight forward integration imposing φby=0= 0.
The solution takes the general form φ = A
[
exp
(
y
χ
)
− exp
(
− yχ
)]
, by making a parametric
study of this solution we observe that
 If χ is not a real number the solution is oscillatory with y.
 If χ is real the solution is decreasing monotonically with y towards the wall.
Consider the case of an imaginary χ, the electric potential would become an oscillatory function
of y. This would trap the charged particles in steady state potential wells, and some ions would
be reﬂected back, in opposition with the hypothesis of cold ions uniformly drifting towards the
wall. This is a non-physical condition because the dissipative processes intrinsically present would
destroy such a state.
It is therefore clear that a monotonically decreasing potential has to be found towards the wall,
and thus a necessary condition for the plasma solution is that χ is real.
χ2 =
λ2D(
1− kTe0
miu
2
iy0
) > 0 this translates to the well known
Bohm sheath criterion:
uiy0 ≥
√
kTe0
mi
(4.9)
With this ricavation only a disequality is obtained, actually the criterion can be applied with an
equality sign, as shown in Ref. [13] and [14].
It basically states that the ions must enter the sheath with a velocity equal to the local acoustic
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ion velocity of the plasma.
Therefore from now on we will assume uiy0 =
√
kTe0
mi
Observe again that this velocity needs to be acquired by the ions before the entrance in the sheath
and thus a ﬁnite electric ﬁeld is needed to act before it. Consequently the condition ∂φ∂y by=0= 0
is not rigorous, but is a reasonable approximation.
If we are now interested in the actual sheath dimensions we need to solve the equation with the
two conditions on the plasma edge of zero potential and electric ﬁeld, and lastly apply the third
condition of zero current at the wall in order to ﬁnd the actual plasma edge distance from the
wall.
The complete equation could be numerically solved, but we can obtain simpliﬁed expressions
analytically.
In order to do so we can make another approximation to study the solution near the wall, as
we know the ﬂoating potential due to current balance is φbW= kTe02e ln
(
2pime
mi
)
where we observe
that eφWkTe0 =
1
2 ln
(
2pime
mi
)
is proportional to the natural logarithm of the mass ratio, therefore near
the wall is reasonable to assume
∣∣∣ eφkTe0 ∣∣∣ 1.
As we discussed electrons are in Boltzmann's equilibrium ne = n0 exp
(
eφ
kTe0
)
and therefore their
density is exponentially related with the potential, upon application of the discussed simpliﬁcation
it's clear that the electron density near the wall will be extremely small. If we further state that
ne = 0, that is a good approximation near the wall, the equation assumes a manageable expression
∂2φ
∂y2
= −eno
ε0
(
1− 2eφ
miu2iy0
)− 12
(4.10)
if we manipulate Equation 4.10 and substitute Bohm's velocity we obtain
∂2φ
∂y2 = − en0uiy0
ε0
(
kTe0−2eφ
mi
) 1
2
and applying again
∣∣∣ eφkTe0 ∣∣∣  1 and deﬁning for clarity V = −φ we
end up with
∂2V
∂y2
=
g
V
1
2
(4.11)
where g =
n0uiy0e
ε0
(
2e
mi
) 1
2
observing that n0uiy0e is the ion current density (that is radially uniform due to the irrele-
vance of ionization in sheath length scale) Ji = n0uiy0e and g =
Ji
ε0
(
2e
mi
) 1
2
.
Proceeding with the integration of V II = gV −
1
2 (where the apex II stands for second order
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derivatives with respect to y), multiplying both sides by 2V I
((
V I
)2)I
= 2gV −
1
2V I (4.12)
that can be directly integrated from the plasma edge (even though far away from the region of
validity of the approximation) where Ey = V
I ≈ 0 and V = 0, up to the general position y to
obtain
(
V I
)2
= 4gV
1
2 (4.13)
this is again a separable variable ODE V
I
V
1
4
= 2
√
g that can be integrated with the same conditions
to obtain 43V
3
4 = 2
√
gy.
By substituting and rearranging
V(y) =
9
4
Jiy
2
ε0
(
2e
mi
) 1
2

2
3
(4.14)
This can be easily recognized to be the classical Child-Langmuir law where Ji = en0
√
kTe0
mi
is
the ion current in the sheath.
Even though extremely approximated, neglecting the electron presence, it is a useful relation
to understand the trend of the potential near the wall and to obtain a ﬁrst estimate of the sheath
dimensions without any computational eﬀort.
Indeed if we now apply the third condition that the potential at the wall (y = d) is the ﬂoating
potential the plasma sheath dimension d results in
d =
√
2
3 λD0
(
− 2eφWkTe0
)
with λD0 =
ε0kTe0
e2n0
and upon substitution of φbW= kTe02e ln
(
2pime
mi
)
we
obtain
d =
√
2
3
λD0 ln
(
mi
2pime
)
(4.15)
so the sheath dimension actually depend on the local plasma bulk conditions n0 and Te0 (through
λD0) and the propellant type, for example for Xenon wheremi = 2.196·10−25 it is dXe ≈ 5λD0 and
this validates the intuitive reasoning that led us to believe that the sheath had a size comparable
with the Debye length and therefore it was much smaller than the characteristic radial dimension
of the channel.
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This model even though extremely simpliﬁed and approximated, has been able to link the plasma
bulk properties to the eﬀects inside a sheath.
Summarizing the tree main results:
1. the potential drop inside the sheath in front of an insulating wall is φbW= kTe02e ln
(
2pime
mi
)
;
2. the ions must enter the sheath with the ion's local acoustic speed uiy0 =
√
kTe0
mi
;
3. in ﬁrst approximation the sheath acquires a thickness that can be expressed as d =
√
2
3 λD0 ln
(
mi
2pime
)
and that is of the order of the local Debye length;
Unfortunately this model is not ﬂawless, but has many issues that need to be further discussed.
4.3.1.1 Electron's distribution function issue
There are three points that have to be discussed about the previous description:
 up until now a drifting Maxwellian distribution function was assumed for the electrons
even inside the sheath (assumption widely used in literature , witnessed by the use of the
equation of state Pe = kneTe)
 the continuity equation for the electrons was not used because not necessary for the previous
demonstration;
 the balance of the ion and electron ﬂuxes at the wall must be further explained;
All the three points can actually be led back to the same discussion about the electron motion
through the sheath.
A distribution function is a 6D phase space function fe(~x,~v,t) that represents the number of par-
ticles per unit volume of ordinary space centered in ~x and per unit volume of velocity space
centered in ~v at time t . Therefore it has the property that
ne =
´ ´ ´
fedvxdvydvz
and it can be found as a solution of Boltzmann's equation.
When to a specie is allowed enough time to reach thermal equilibrium it can be demonstrated that
it assumes a 3D Maxwellian distribution function feM = ne
(
me
2pikTe
) 3
2
exp
(
−mev22kTe
)
where v
is the modulus of the single electron velocity v =
√
v2x + v
2
y + v
2
z and that is an isotropic dis-
tribution function that can be interpreted as the product of three 1D Maxwellian distribution
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functions feMj = ne
(
me
2pikTe
) 1
2
exp
(
−mev
2
j
2kTe
)
with j = x, y, z
With this distribution no mean ﬂow is described, if also a ﬂuid motion wants to be added, the
typical solution is to use a drifting maxwellian distribution with mean speed ~ue, even though
it isn't strictly a solution of Boltzmann's equation, it is the natural extension to a drifting equi-
librium feDM = ne
(
me
2pikTe
) 3
2
exp
(
−me|~v− ~ue|22kTe
)
and it is typically assumed in the ﬂuid approach
and was also used in the previous description.
It is evident that an isotropic distribution function can't accurately represent the actual motion
inside the sheath because the presence of the wall introduces an anisotropy in the behaviour of
the electrons: electrons with velocity directed towards the wall, with kinetic energy high enough
to cross the sheath potential step, are actually able to reach the wall and are lost to it.
The main concept here is that the presence of the wall necessarily disrupts the isotropic maxwellian
distribution.
If a maxwellian distribution is assumed, the net particle ﬂux of a specie to a surface is absolutely
described by Γ = n~u being it both ions or electrons, only the mean motion produces a net ﬂux
while in the isotropic relative thermal motion the same number of particles statistically crosses
the surface in one direction and in the other. This is true everywhere in the domain, if everywhere
the maxwellian distribution is assumed (as it was due to the use of the maxwellian equation of
state), also at the domain boundaries and in particular at the wall.
If we consider the particular condition of the electrons at the wall we would obtain that the
ﬂux of electrons there would simply be Γew = (neuey)w while the ion's ﬂux at the wall is still
Γiw = (niuiy)w that from continuity we know to be Γiw = Γi0 = n0uiy0. At the same time, due
to the electron continuity equation, Γew = Γe0 = n0uey0 and due to the current continuity and
zero current condition throughout the sheath all these four ﬂuxes must have the same value. This
implies that uiy0 = uey0, and the condition of zero net current at the wall assumes a diﬀerent
expression from the one we used before in which no eﬀect of the thermal ﬂux comes into play:
(neuey)w = n0uiy0
with uiy0 =
√
kTe0
mi
and ne = n0 exp
(
eφ
kTe0
)
which is a completely diﬀerent condition from the previously used n0uiy0 =
(
1
4ne
√
8kTe0
pime
)
bW in
which the electron ﬂux was considered as only the right part of the thermal ﬂux of the isotropic
maxwellian distribution.
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Figure 4.4: electron ﬂuxes scheme
While both may seem mathematically correct, only the one considering the thermal ﬂux has
a physical meaning; as we already discussed in the intuitive description of sheath formation, is
the diﬀusive ﬂux of electrons that implies the charge imbalance and the birth of the sheath. Also
when the sheath is formed the ﬂux of electrons to the wall is due to a thermal diﬀusive motion,
this doesn't mean that at the wall the distribution function is maxwellian with no drift because
that would imply a zero net ﬂux, the point is that the electrons that cross the wall are lost and
therefore the distribution function is anisotropic and not maxwellian, and needs further develop-
ment in a kinetic description.
In principle we should solve Boltzmann's equation with the ﬁeld properties inside the sheath; this
is a rather diﬃcult task and beyond the purpose of this thesis, instead we resolved in modifying
the maxwellian distribution to physically adapt in a smooth fashion to the sheath problem
I assumed again that the electron distribution function could be written as a product of one-
dimensional distribution functions in the three directions fe = fex, fey, fez, for what concerns
the directions not directly facing the walls, a classical maxwellian distribution was assumed
fj = ne
(
me
2pikTe
) 1
2
exp
(
−mev
2
j
2kTe
)
with j = x, z, therefore the discussion mainly focused on the y
oriented 1D distribution function.
Assume that initially the distribution function at the plasma edge of the sheath is a perfect
maxwellian. What happens is that the electrons that lie in the positive tail of the maxwellian y
distribution that own a kinetic energy in the y direction 12mev
2
y > −eφw are able to actually reach
the wall, without being reﬂected back, this electrons are lost, and won't ﬁgure in the high en-
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ergy negative velocity tail of the same maxwellian, therefore a better description of the electron's
distribution of velocity would be a truncated maxwellian, where the negative tail is truncated
depending on the sheath potential fall to reach the wall.
Figure 4.5: Schematic representation of the proposed distribution function
Observe how this truncated maxwellian distribution, is not isotropic, and actually implies
a certain mean drift of the electrons towards the wall, that, by how it has been deﬁned, it is
exactly the mean speed necessary to balance the ion ﬂux at the sheath edge, allowing for the zero
net current condition to be satisﬁed.
The same happens for every y > 0, as a matter of fact we can assume that the distribution
has exactly the same shape, except that the truncation of the negative ongoing tail happens for
v2y >
2e
me
(
φ(y) − φw
)
.
Summarizing, a complete description of a distribution function that more likely resembles the
behaviour of the electrons inside the sheath is
fey =

Ane
(
me
2pikTe
) 1
2
exp
(
−mev
2
y
2kTe
)
for.v
2
y <
2e
me
(
φ(y) − φw
)
Ane
(
me
2pikTe
) 1
2
exp
(
−mev
2
y
2kTe
)
for.v
2
y >
2e
me
(
φ(y) − φw
) ∩ vy > 0
0 for.v
2
y >
2e
me
(
φ(y) − φw
) ∩ vy < 0
(4.16)
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or by writing it in a compact form
fey = Ane
(
me
2pikTe
) 1
2
exp
(
−mev
2
y
2kTe
)
H
vy +
√
2e (φ− φw)
me
 (4.17)
where H is the Heaviside step function and A is a normalization factor needed because if a
full maxwellian was able to satisfy that ne =
´ ´ ´
fedvxdvydvz a truncated maxwellian won't be
if no correction factor is added.
In order to properly deﬁne A we have to impose that
´
feydvy = ne this equation allows for the evaluation of A (observe that if the cut oﬀ tail at
the plasma edge of the sheath is small A→ 1).
A more detailed description of the matching of the electron distribution function can be found in
the discussion of Ahedo et al. in Ref. [15]
If we consider the ﬂoating potential found with the previous sheath model φbW= kTe02e ln
(
2pime
mi
)
being the ratio between eφWkTe proportional to the logarithm of the mass ratio, it can be considered
to be
∣∣∣ eφWkTe ∣∣∣  1. Thus what happens is that the tail that needs to be cut oﬀ at the sheath
edge, and in a big part of the sheath, is extremely small with respect to the total integral of the
distribution function. Consecutively in most of the sheath (except in close proximity to the wall)
a drifting maxwellian distribution is a good approximation of the actual distribution function
inside the sheath and the coeﬃcient A is very close to 1. This allows, in ﬁrst approximation the
use of the maxwellian equation of state throughout the sheath, if we accept a certain error in
the results in exchange of model simplicity, but at the wall the current continuity needs to be
imposed on the thermal ﬂux and not on an average drift of a drifting maxwellian, because there
only the right side of the distribution is left.
Summarizing:
 a truncated maxwellian, instead of a drifting maxwellian, has a stronger physical meaning
and is compatible with the classical sheath model;
 a maxwellian distribution is a good approximation of the electron's behaviour in the sheath
in front of an insulator wall, except in close proximity to the wall;
 at the wall a simple maxwellian can't be used but it can be thought, as a half maxwellian
directed towards the wall, so to obtain the zero current condition expressed in terms of the
electron thermal ﬂux, as it is physically reasonable;
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Concluding, even though a further kinetic investigation is needed, this discussion validates the
previous model, and its results, and gives a better insight on its lacks, that are surely present,
but can be accepted, for a ﬁrst order model, in exchange of simple results.
4.3.1.2 Secondary electron emission
Unfortunately the previous model neglects a physically fundamental phenomenon: Secondary
electron emission.
It is well know that when electrons hit the wall and are lost to it, a second population of low
energy electrons is emitted by the insulator wall, which ﬂux is a function of the incident electron
ﬂux and of the wall material
Γsw = γ(WallMaterial)Γew where Γsw is directed away from the wall and γ is the secondary
electron yield of the wall material.
As it is extensively described in Ref. [10] a semiempirical expression for the secondary electron
yield from electron bombardment is
γ = Γ(2+b)aT
b
eV (4.18)
where Γ is the gamma function and the coeﬃcients a and b depend on the wall material as shown
in Table 4.1 for typical wall materials
Table 4.1: Electron yield parameters for diﬀerent materials
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Figure 4.6: Secondary electron yield from semiempirical ﬁt versus temperature in eV (see [10])
This model for SEE fails to recognize the correct emission for low temperatures, but in the
typical range of relevance for HETs (5-30 eV) the ﬁts (depicted in Figure 4.6) are in good agree-
ment with experiments.
We can therefore study a new model of sheath that takes into account the presence of this sec-
ondary cold electron population.
By using the same reference system and nomenclature and making the same hypothesis of the
previous model but adding:
 presence of a s secondary electron population, the actual kinetic description of the sec-
ondary electron motion and their eventual thermalization with the primary population is
extremely complicated, and a discussion can be found in Ref. [16], for the sake of simplicity
we assume that the secondary population is emitted from the wall with negligible energy,
are considered cold Ts = 0 and their thermalization happens abruptly at the plasma edge
of the sheath, where they merge with the primary in a unique population of electrons at
temperature Te0.
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Following the treatise in Ref. [10] in this case Poisson's equation takes the form:
∂2φ
∂y2
=
e
ε0
(ne + ns − ni) (4.19)
Using a Boltzmann density distribution for the primary electrons and considering that quasineu-
trality is achieved at the plasma edge (ne0 + ns0 = ni0 = n0)
ne = (n0 − ns0) exp
(
eφ
kTe0
)
(4.20)
In this conditions also the ion velocity at the plasma edge will be modiﬁed and therefore we
can't assume the validity of Bohm's sheath criterion, nevertheless ion conservation of particles
and energy are still valid.
Calling Σ = 12miuiy0 ion's mechanical energy at the plasma edge of the sheath, with an analogous
procedure as before we obtain
ni = n0
(
Σ
Σ− eφ
)
(4.21)
in order to substitute all the densities as a function of the local potential in Poisson's equation
what is left to ﬁnd is the distribution of secondary electrons ns(φ)
studying again the ﬂoating condition, in front of an insulating wall, in order to ﬁnd ns we apply
current continuity, zero current condition at the wall, particle continuity and energy conservation
of the cold drifting secondary electron populationJi0 = Jiw = Jew − Jsw = Jew (1− γ) = Jsw
(1−γ)
γ =⇒ n0uiy0 = (1−γ)γ nswusyw
nsusy = nswusyw
so
n0uiy0 =
(1− γ)
γ
nsusy (4.22)
applying energy conservation between the general y and the wall assuming that the kinetic energy
of the emitted electrons at the wall is negligible
1
2
meu
2
sy − eφ = −eφw (4.23)
from equations 4.22-4.23 we obtain the secondary electron density trend with potential
ns = n0
γ
1− γ
(
meΣ
mi (φ− φw)
)
(4.24)
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substituting 4.20, 4.21 and 4.24 in Poisson's Equation 4.19 we obtain
∂2φ
∂y2
=
en0
ε0
[
(n0 − ns0)
n0
exp
(
eφ
kTe0
)
+
γ
1− γ
(
meΣ
mi (φ− φw)
)
−
(
Σ
Σ− eφ
)]
(4.25)
Equation 4.25 represents the new form of the equation that should be solved; observe that now the
equation has three yet-to-be-determined terms: instead of only the ui0 here we have ns0,Σ, φw.
Analyzing the mathematical nature of the equation, with the same approximated BCs of zero
potential and electric ﬁeld at the plasma edge of the sheath, it can be demonstrated that a
monotonic (and therefore physical) sheath potential is found for
Σ =
kTe
2
+
γ
1− γ
(
me
mi
) 1
2
(−Σ
eφw
) 3
2
(
kTe
2
− eφw
)
(4.26)
It's clear that in the case of no secondary electron emission γ → 0 we are left with the previously
discussed Bohm sheath criterion, but if a certain emission is present the condition needs to be
slightly modiﬁed as stated in Equation 4.26 (nevertheless the velocity at the entrance is always
close to Bohm's).
For what concerns the wall potential it can be simply obtained by equating the ion and electron
(thermal primary - drifting secondary) ﬂuxes
Jiw = niwuiyw = n0uiy0 = Jew (1− γ) = 14 (1− γ) (n0 − ns0) exp
(
eφw
kTe0
)(
8kTe
pime
) 1
2
and from this we can explicitate the new expression of the ﬂoating potential as
φw = −kTe
e
ln
[√
mi
2pime
n0 − ns0
n0
uB
uiy0
(1− γ)
]
(4.27)
where uB =
√
kTe
mi
is the classical Bohm velocity
What we are left with is a system of 5 equations
ns0 = n0
γ
1−γ
(
− meΣmiφw
)
Σ = kTe2 +
γ
1−γ
(
me
mi
) 1
2
(
−Σ
eφw
) 3
2 (kTe
2 − eφw
)
Σ = 12miui0
φw = −kTee ln
[√
mi
2pime
n0−ns0
n0
uB
ui0
(1− γ)
]
γ = Γ(2+b)aT
b
eV
(4.28)
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that can be uniquely solved for γ,Σ, ui0,φw, ns0 as a function of the local electron temperature
that again is the unique relevant parameter, along with the plasma density at the plasma edge,
that inﬂuences the plasma interaction with the wall.
Now all the various terms inside the equation are deﬁned and therefore, with the boundary con-
ditions of zero potential and electric ﬁeld at the plasma edge, it can be solved. Then applying
the ﬂoating potential condition at the wall, the dimensions of the sheath could be found.
No simple analysis in this case is immediate, and the complete solution of the plasma trend in the
sheath with SEE is beyond the purpose of this dissertation, nevertheless the relevant parameters
that come into play in the thruster behaviour are already deﬁned, namely: the sheath potential
drop and the ion's velocity at the plasma edge, all part of the solution of the previous system.
Space charge limit
If we analyze the solution for the sheath potential drop directly coming from the solution of
system 4.28 (dotted line in Figure 4.7)
Figure 4.7: Sheath potential against electron temperature, dotted lines represent solution without space
charged limit.
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the solution would imply that above a certain temperature the sheath switches from negative
ongoing to positive.
In reality how it is discussed in Ref. [9] the secondary electron emission is space charge limited
in the sheath.
Hobbs and Wesson in Ref. [9] showed how space charge actually limits the secondary electron
current from the wall independently of the secondary electron yield. When the temperature
increases, the electric ﬁeld at the wall gradually decreases. When the electric ﬁeld reaches a zero
value and the potential presents a minimum at the wall, the local electron space charge clamps
the sheath voltage to a maximum value that is always negative relative to the plasma. From this
temperature on the sheath assumes a diﬀerent behaviour: the space charge limited regime, and
previous results are no longer valid.
The value of the sheath potential drop for the space charge limited regime can be found by setting
the electric ﬁeld at the wall equal to zero in Poisson's equation obtaining another equation that
ﬁxes the temperature or, better the γ at which charge saturation is achieved.
The secondary electron yield at which transition occurs is found to be
γSCL = 1− 8.3
(
me
mi
) 1
2
(4.29)
which for xenon is 0.983.
The sheath potential is (for xenon)
φwSCLXe = −1.02kTe
e
(4.30)
For temperatures higher than the one for which charge saturation is reached γ is ﬁxed and the
behavior of the sheath potential drop becomes linear with the electron temperature (see Figure
4.7).
The space charge limit is fundamental to obtain an accurate description of the sheath behavior:
in the presence of SEE without space charge limit, with high temperatures, the model would
predict very low and also positive sheath potentials. This would result in extremely high, non
realistic, powers to the wall. Instead the space charge limit blocks the sheath potential to be
always negative giving a more realistic prediction of the plasma-wall interaction.
4.3.2 Pre-sheath model
Now that we have analyzed what happens in close proximity to the wall (as demonstrated, the
sheath is only a few Debye lengths thick), we have to analyze the behaviour of the plasma from
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the thruster centerline to the plasma edge of the sheath.
Considering that we demonstrated that the ions must enter in the sheath with a ﬁnite velocity
corresponding to the Bohm velocity (modiﬁed to include the inﬂuence of secondary electrons),
it's necessary that between the centerline (where we can assume uiy = 0) and the plasma edge of
the sheath a region exists where a ﬁnite radial electric ﬁeld accelerates the ions to the required
entrance velocity. This region is typically called pre-sheath (see Figure 4.3) and in the optic of
this ﬁrst order analysis it will be studied as a quasi neutral plasma domain.
This region will be studied with the following hypothesis:
 quasineutrality ni = ne = n;
 stationary conditions;
 neglect electron inertia;
 cold ions ;
 only singly charged ions;
 drifting maxwellian distribution function for the electrons (that for the presheath is a valid
hypothesis);
 ideal magnetic ﬁeld conﬁguration in which magnetic ﬁeld lines are radial ~B = Beˆyand
orthogonal to the wall;
 channel azimuthal curvature small, symmetry with respect to the centerline M;
 neglect collisional terms in the radial direction;
 neglect ionization terms for electron's momentum;
 neglect neutral velocity w.r.t. ion's;
 known plasma properties on the centerline nM , TeM and arbitrarily assigned new reference
for the potential φM = 0 on the centerline and for the space coordinate yM = 0;
 assigned plasma parameters and gradients in the axial direction x (so to study the radial
stand alone problem);
 small sheath that means that we neglect the dimensions of the non-quasineutral region
next to the wall w.r.t. the channel typical radial dimensions;
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 ions must enter the sheath (that coincides with the wall position in the presheath scale)
with a velocity corresponding to the physical criterion found above ui(W ) = uB with (uB
being Bohm's velocity);
Observe how in this case no assumption was made about neglecting the axial ﬂux variations or
ionization.
If we write the equations under these assumptions, already projecting the vectorial ones in the
radial direction we obtain 
∂(nuiy)
∂y = nνI − ∂(nuix)∂x
∂(nuey)
∂y = nνI − ∂(nuex)∂x
minuiy
∂uiy
∂y = −en∂φ∂y −minνIuiy
0 = en∂φ∂y − kTeM ∂n∂y
(4.31)
with boundary conditions: 
ui(0) = 0
ui(W ) = uB
ue(0) = 0
φ(0) = 0
n(0) = nM
(4.32)
Observe that only one boundary condition can be applied this time on the potential because it
ﬁgures only in ﬁrst order derivatives (quasineutrality prevents the use of Poisson's equation).
Again we see that we are left with four ﬁrst-order equations but with ﬁve boundary conditions
to be fulﬁlled.
This implies, in close analogy with what happened with the general radial description at the
beginning of this chapter, that this diﬀerential problem morphs into an eigenvalue problem: in
order to fulﬁll all the boundary conditions, the plasma generated and accumulated in the domain
(due to the ionization and the axial ﬂux gradient) has to be exactly equal to the plasma lost at
the wall, function only of the local temperature and density, and translated in this asymptotic
model in the imposition of Bohm criterion at the wall. The combination of the ionization factor
and the axial ﬂux gradient need to acquire a speciﬁc value, eigenvalue of the problem. This is
exactly the realization of the already discussed plasma balance in this asymptotic model.
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4.3.2.1 Inconsistency of the non-collisional model
If we want to further simplify the pre-sheath model we could assume that the axial gradients
of the ﬂux are irrelevant and that the ionization mean free path is far bigger than the radial
typical dimensions. However, this would violate the plasma balance (it is equivalent to setting
the combination of ionization and axial ﬂux gradient to zero, that is not the eigenvalue of the
problem) and it leads to an inconsistent pre-sheath description.
Under these extra simplifying assumptions the equations take the form
∂(nuiy)
∂y = 0
∂(nuey)
∂y = 0
minuiy
∂uiy
∂y = −en∂φ∂y
0 = en∂φ∂y − kTeM ∂n∂y
(4.33)
Rewriting the ion's continuity as
uiy
∂uiy
∂y = −
u2iy
n
∂n
∂y
substituting it into the ion's momentum equation
ne∂φ∂y = miu
2
iy
∂n
∂y
and substituting it into the electron's momentum equation, it simply states that
u2iy =
kTe
mi
=⇒ uiy = uB everywhere!
In this case the solution is uniform proﬁles for all the plasma properties, uiy uniform and equal
to Bohm speed, potential constant and equal to 0 from the centerline to the plasma edge and ve-
locity uniform from the centerline to the wall and equal to Bohm's speed, and this is inconsistent
with the fact that in the centerline uiy needs to be 0 due to symmetry.
Actually this is a rather obvious result: since there is no possibility for the plasma to be generated
between M and the wall (W) in order to satisfy the plasma balance it is needed that the ﬂux at M
is already equivalent at the ﬂux at W (basically the eigenvalue problem moves from the plasma
generation to the ion ﬂux boundary condition at M and gives the value that would allow for a
stationary solution, but doesn't satisfy the imposed boundary conditions).
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The conclusion is that a model of the pre-sheath in which plasma generation is neglected is
necessarily inconsistent.
4.3.2.2 Pre-sheath solution
We solve the pre-sheath model using the problem formulation that keeps plasma generation
∂(nuiy)
∂y = nνI − ∂(nuix)∂x
∂(nuey)
∂y = nνI − ∂(nuex)∂x
minuiy
∂uiy
∂y = −en∂φ∂y −minνIuiy
0 = en∂φ∂y − kTeM ∂n∂y
(4.34)
Avoiding the general solution here (an analytical approach of the solution can be found in Ref.
[17]), we present some partial results concerning the plasma radial behavior and the limits of
these models.
A ﬁrst partial result is about the ratio between the plasma density at the centerline and
at the sheath edge.
If we assume that the ionization eﬀect is only relevant for the particle continuity (that is reasonable
considering our intuitive concept of plasma balance as some sort of a macroscopic particle
continuity equation) but consider it negligible on the ion's momentum equation what we are left
with is 
∂(nuiy)
∂y = nνI − ∂(nuix)∂x
∂(nuey)
∂y = nνI − ∂(nuex)∂x
minuiy
∂uiy
∂y = −en∂φ∂y
0 = en∂φ∂y − kTeM ∂n∂y
(4.35)
by analyzing the momentum equations for ions and electrons we observe how they can be reinter-
preted as ion's conservation of mechanical energy, and a Boltzmann's distribution for the electron
density.
Thus if we apply the energy conservation between M (where uiy, φ = 0) and W (where uiy =
uBand φ0 is still unknown) we obtaineφ0 =
1
2miuB
n0 = nM exp
(
eφ0
kTeM
) (4.36)
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From the ﬁrst one we understand that the voltage drop from the centerline to the plasma edge
of the sheath is φ0 =
kTe
2e that is the voltage that accelerates the ions up to Bohm speed, and
therefore we realize how the actual electric ﬁeld at the plasma edge is not zero, how we supposed
in the sheath model, nevertheless, on sheath scale, the variation is extremely small and negligible.
From the second equation, substituting φ0, we understand the ratio of the plasma density from
the centerline to the plasma edge of the sheath obtaining
n0 = nM exp
(
−1
2
)
≈ 0.61nM (4.37)
This is a very interesting result, it states that, independently of the plasma temperature the
ratio between plasma density at the plasma edge of the sheath and at the thruster centerline is
always the same and equal to e(−
1
2 ). Observe that to neglect the ionization eﬀect on electron
momentum is a rather strong simpliﬁcation, and, depending on the actual local temperature and
neutral density the ratio will change, as will be discussed in the exposition about the traditional
HET's 1D model, we'll have to introduce a correction factor that takes into account this eﬀect.
the second partial result is related to the actual solution shape and its singular point.
Keeping all the terms in the equations the actual combination of nνI − ∂(nuix)∂x is an eigenvalue
of the problem, and therefore it satisﬁes the plasma balance.
If we combine the equations, after some simple algebra we obtain an equation for the potential
in the form
e
(
1− u
2
B
u2iy
)
∂φ
∂y
=
kTeM
uiy
[
2νI − 1
n
∂ (nuix)
∂x
]
(4.38)
it is clear from this expression that the system of equations presents a singular point where the
ion velocity reaches the Bohm velocity uiy = uB , it can't be a regular point because the term on
the right is ﬁxed by the plasma balance and necessarily diﬀerent from zero.
This implies that the equations present a singular point on the plasma edge of the sheath where
the derivatives of the various variables explode (see Figure 4.8).
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Figure 4.8: Schematic representation of pre-sheath asymptotic solution
This peculiarity of the mathematical problem, that has a singular point on the sheath edge
implies that from the pre-sheath point of view the electric ﬁeld at the plasma edge of the sheath
is inﬁnite, while on sheath length scale is negligible.
4.3.2.3 The matching problem
An asymptotic description of both the non quasineutral region in close proximity to the wall (the
sheath) and of the quasineutral region between the sheath and the centerline has been presented
both intuitively and analytically, highlighting their results and strongest ﬂaws.
The next step in every asymptotic analysis is to patch the two asymptotic solution in their
matching point as smoothly as possible.
Unfortunately due to the intrinsic mathematical properties of this particular phenomenon the
task is not easy.
The point here is that due to the extremely diﬀerent characteristic length scales of the two regions
neither of the models seem to be able to smoothly adapt to the other's solution.
Due to the extremely small length scale of the sheath (about the Debye length), compared with
that typical of the pre-sheath (about the radial dimension of the channel), while nonetheless
strong variation of the parameters happen in the sheath, the electric ﬁeld seen from a presheath
description tends to be inﬁnite and the plasma edge of the sheath becomes a singular point. On
the contrary the extremely large length scale of the presheath from a sheath point of view implies
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extremely low gradients of the plasma variables and therefore it is reasonable to assume a zero
electric ﬁeld at the plasma edge of the sheath (see Figure 4.9)
Figure 4.9: The matching problem, L indicates the characteristic radial dimension of the channel:
a)smooth radial solution; b)presheath asymptotic solution; c) sheath asymptotic solution
Due to this inconsistency it is not an easy task to match the two asymptotic solutions.
This problem, deﬁned the matching problem, is extensively described and discussed in literature
(see Ref. [12]) and is still subject to much debate: many solutions as been proposed that are
able to obtain a patch in a smooth fashion, often relying on a third, middle region, with an
intermediate length scale, and they provide satisfying results, at the expenses of a complicated
mathematical description.
In the end the model proposed even though not smoothly patchable is not inconsistent and is
able to provide simple results in good agreement with experimental data with a simple theory
that highlights all the physically relevant phenomena, with partial results on the presheath (in
particular the density ratio between centerline and plasma edge) and analytical results for the
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sheath potential drop and ion energy and ﬂux at the plasma edge (and also for the sheath
thickness) and is therefore the reference model used in the following chapters.
If a more complicated model is to be used, because more accuracy is needed in the calculations,
there is no point in trying to patch this ﬁrst order descriptions that on their own don't provide an
extreme accuracy. In this case it is possible to consider the complete non-quasineutral description
proposed in Section 4.2 and numerically ﬁnd a complete solution from the centerline to the wall.
For what concerns our dissertation, the un-patched asymptotic model reaches the compromise
between accuracy and simplicity and therefore will be used in the following.
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4.4 Inﬂuence of an oblique magnetic ﬁeld on the sheath
Up until now only the case in which the magnetic ﬁeld lines are radial through the whole channel,
and orthogonal to the wall, has been considered.
While this condition is reasonably accurate for traditional magnetic ﬁeld topologies inside HETs
it lacks in generality and can't be used to describe, non-standard conﬁgurations as the magneti-
cally shielded one.
As you can see from Figure 3.2 real magnetic ﬁeld lines are almost never orthogonal to the wall
and therefore the hypothesis of ~B = Beˆr is too strong and needs to be relieved in the optic of
a more general description. What I discuss here is indeed a Sheath asymptotic model in which
a general inclination of the magnetic ﬁeld line is allowed with respect to the ceramic wall. This
can better account for the plasma wall interaction in non traditional, non radial magnetic ﬁeld
conﬁgurations, or in classical quasi-radial magnetic ﬁelds but with an inclined wall (i.e. in the
chamfred exits of HETs).
Figure 4.10: Schematic representation of the general case
The ﬁrst idea that comes to mind when dealing with a problem like this might be the one of
still analyzing the radial behavior of the plasma inside the sheath even if a diﬀerent inclination
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of the magnetic ﬁeld lines w.r.t. the wall is present (Figure 4.10).
This would surely complicate the analysis because we know, after the discussion exposed in the
introduction of this document, that the magnetic ﬁeld has a major role in determining the plasma
properties, i.e. isothermality can only be assumed along a magnetic ﬁeld line, while a radial line
would cross many magnetic lines of force. Furthermore using a coordinate not parallel to the
magnetic ﬁeld would imply that the term ~ue × ~B ﬁgures in the electron's momentum equation,
complicating the analysis.
Instead it appears evident how the natural coordinates to study the plasma are those parallel
and perpendicular to the local magnetic ﬁeld, called magnetic coordinates, only these appear
to be able to catch the anisotropy induced in the plasma by the magnetic ﬁeld and realistically
describe it in ﬁrst order models. (this point will be extensively discussed in following parts).
Therefore what we use is a coordinate system as depicted in Figure 4.11 where y is redeﬁned as
the spacial coordinate locally parallel to the magnetic ﬁeld lines, x is the orthogonal coordinate
and ϕ is the local inclination of the magnetic ﬁeld line w.r.t. the wall.
Observe that this is a generalization of the previous model, as a matter of fact if ϕ→ 0 y tends
to coincide with the radial coordinate and we are left with the previous model.
Figure 4.11: Reference system description
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With the insight acquired by the study of the previous models, we can now describe this new
1D sheath model that has the merit of a slightly wider application range.
Assumptions:
 the magnetic ﬁeld has a local general inclination w.r.t. the wall ϕ;
 the reference system is deﬁned such that ~B = Beˆy;
 neglect electron inertia;
 electrons described by a maxwellian distribution function. (approximation already discussed
and accepted, keeping in mind that near the wall it will fail, and that there is the electron
thermal motion that generates the ﬂux at the wall);
 the plasma density n0 and electron temperature Te0 are known at the plasma edge of the
sheath, where also is arbitrarily assigned the reference value φ = 0 for the potential, and
these are assumed constant along the plasma edge (assuming that the gradients orthogonal
to it are much larger);
 electron's temperature doesn't change with y , Te = Te0(isothermality of magnetic ﬁeld
lines);
 neglect gradients parallel to the wall, which are considered much smaller than the ones
orthogonal to it;
 only singly charged, cold ions drifting towards the wall are considered;
 furthermore we know that the characteristic length of the sheath is of the order of the Debye
length, that is, for typical HET operational parameters, many order of magnitudes smaller
than the typical collision and ionization mean free path, therefore in this region we can
consider a collisionless plasma;
 for the sake of simplicity no SEE is added;
 also the velocity orthogonal to the magnetic ﬁeld line at the plasma edge of the sheath
is assumed to be known Ui and is assumed uniform everywhere in the sheath domain.
~ui(x,y) = uiy(x,y)eˆy + Uieˆx;
with all these assumptions the relevant equations, already projected in the y direction take the
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form 
∂(niUi)
∂x +
∂(niuiy)
∂y = 0 continuityi
mini
(

Ui ∂Ui∂y + uiy
∂uiy
∂y
)
= −eni ∂φ∂y momentumi
0 = ene
∂φ
∂y − kTe0 ∂ne∂y momentume
∂2φ
∂x2 +
∂2φ
∂y2 =
e
ε0
(ne − ni) Poisson
(4.39)
where the electron continuity was not used because not needed to close the system (just like the
previous case).
If we further assume that the potential and the density are uniform along a line parallel to the
wall it implies that ∂ni∂x = −∂ni∂y tanϕ∂2φ
∂x2 =
∂2φ
∂y2 tan
2 ϕ
(4.40)
we are left with the ﬁnal set of equations
∂
∂y [ni (uiy − Ui tanϕ)] = 0
miniuiy
∂uiy
∂y = −eni ∂φ∂y
0 = ene
∂φ
∂y − kTe0 ∂ne∂y
∂2φ
∂y2
(
1 + tan2 ϕ
)
= eε0 (ne − ni)
(4.41)
First we observe that from the two momentum equations, ion's energy is preserved (as we would
expect without collisions) and electrons are Boltzmann distributed along the magnetic ﬁeld line,
while continuity and Poisson's equation are modiﬁed w.r.t. the previous case.
So again the density of electrons can be linked directly to the potential ne = n0 exp
(
eφ
kTe0
)
.
While to do the same thing for the ions, continuity and energy must be used togetherni (uiy − Ui tanϕ) = n0 (uiy0 − Ui tanϕ)1
2miu
2
iy + eφ =
1
2miu
2
iy0
By combining these two equations one obtains ni = n0
uiy0−Ui tanϕ√
u2iy0−2 eφmi−ui tanϕ
.
64 CHAPTER 4. SHEATH MODEL
Substituting the two densities expressions in Poisson's equation we are left with
∂2φ
∂y2
=
e
ε0
n0(
1 + tan2 ϕ
)
exp( eφ
kTe0
)
− uiy0 − Ui tanϕ√
u2iy0 − 2 eφmi − ui tanϕ
 (4.42)
This is a slight modiﬁcation from the classical sheath equation and needs to be discussed: ﬁrst
of all, we see a clear dependence on the inclination angle ϕ and on the local x velocity Ui. Lastly
the y velocity at the plasma edge uiy0 needs to be physically deﬁned, and won't coincide with
Bohm's speed unless ϕ→ 0.
In order to ﬁnd a new, modiﬁed sheath criterion for the ion's entrance velocity in the sheath
parallel to the magnetic ﬁeld line, we use the same approach as the previous model.
We restrict our domain to a region near the plasma edge of the sheath, where φ −→ 0 or better
where
∣∣∣ eφkTe ∣∣∣ 1. Here we can expand in ﬁrst order Taylor series the various elements:exp
(
eφ
kTe
)
≈ 1 + eφkTe√
u2iy0 − 2 eφmi ≈ uiy0 −
eφ
miuiy0
with this simpliﬁcation
∂2φ
∂y2 =
e
ε0
n0
(1+tan2 ϕ)
(
1 + eφkTe −
(
1− eφmiuiy0(uiy0−Ui tanϕ)
)−1)
again with Taylor
(
1− eφmiuiy0(uiy0−Ui tanϕ)
)−1
≈ 1 + eφmiuiy0(uiy0−Ui tanϕ)
and in the end
∂2φ
∂y2
=
e2n0
ε0kTe
1(
1 + tan2 ϕ
) (1− kTe
mi
1
uiy0 (uiy0 − Ui tanϕ)
)
φ (4.43)
If we then call e
2n0
ε0kTe
1
(1+tan2 ϕ)
(
1− kTemi 1uiy0(uiy0−Ui tanϕ)
)
=
(
1− kTemi
1
uiy0(uiy0−Ui tanϕ)
)
λD0(1+tan2 ϕ)
= 1χ2 ,
the equation is found to be again the form ∂
2φ
∂y2 =
φ
χ2 .
Following the same reasoning as we did before, the only physical solution that can be admitted
for the sheath is a monotonically decreasing potential towards the wall that can only be obtained
if χ2 > 0.
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The new sheath criterion is found for the minimum uiy0that satisﬁes(
1− u2Buiy0(uiy0−Ui tanϕ)
)
> 0 with u2B =
kTe
mi
.
After some calculations we realize that this happens for:
 uiy0 <
Ui tanϕ
2 − 12
√
U2i tan
2 ϕ+ 4u2B that has to be discarded as non-physical because,
being < 0 it would imply ions being repelled by the sheath.
 0 < uiy0 < Ui tanϕ that again has to be discarded because it would imply an outgoing ﬂux
of ions, away from the wall, in the direction orthogonal to the wall.
 uiy0 >
Ui tanϕ
2
[
1 +
√
1 +
4u2B
U2i tan
2 ϕ
]
that is the new sheath criterion that needs to be
adopted in this model.
With the same reasoning as in the classical model we can therefore assume that at the entrance
of the sheath the ions have a velocity of
~uib0= Uieˆx + Ui tanϕ
2
[
1 +
√
1 +
4u2B
U2i tan
2 ϕ
]
eˆy (4.44)
therefore at the plasma edge we can compute the velocity orthogonal and parallel to the wall
ui0⊥ = uiy0 cosϕ− Ui sinϕ = Ui sinϕ2
[√
1 +
4u2B
U2i tan
2 ϕ
− 1
]
ui0‖ = uiy0 sinϕ+ Ui cosϕ =
Ui tanϕ
2
[
1 +
√
1 +
4u2B
U2i tan
2 ϕ
]
sinϕ+ Ui cosϕ
(4.45)
Now we are capable of ﬁnding the other key element of the sheath that is the total potential fall
across the sheath, in other words the ﬂoating potential.
In order to do so we have to equate the thermal ﬂux of electrons at the wall to the ion's drifting
ﬂux orthogonal to the wall.
Assuming again that at the wall the distribution of the electrons is a half maxwellian in the
direction orthogonal to the wall (as it is reasonable to do)
Γew =
1
4
newv¯ =
1
4
n0 exp
(
eφw
kTe
)√
8kTe
pime
(4.46)
for what concerns the ions, in order to ﬁnd the ﬂux orthogonal to the wall, while we know that
the x velocity there is still assumed to be Uiwe have to ﬁnd the y velocity and the density.
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Applying particle conservation and energy conservation we can rather simply ﬁnd
uiyw =
√
u2iy0 − 2eφwmi
niw = n0
uiy0−Ui tanϕ√
u2iy0−2 eφmi−Ui tanϕ
(4.47)
therefore
Γiw = niw (uiyw cosϕ− Ui sinϕ) = n0 uiy0 − Ui tanϕ√
u2iy0 − 2 eφwmi − Ui tanϕ
[√
u2iy0 −
2eφw
mi
cosϕ− Ui sinϕ
]
(4.48)
By equating these two ﬂuxes we are able to ﬁnd the equation that implicitly deﬁnes the ﬂoating
potential
uiy0 cosϕ− Ui sinϕ = 1
4
exp
(
eφw
kTe
)√
8kTe
pime
(4.49)
with uiy0 =
Ui tanϕ
2
[
1 +
√
1 +
4u2B
U2i tan
2 ϕ
]
After some algebra the expression for the ﬂoating potential becomes:
φw =
kTe
e
ln
[
2Ui sinϕ
(
8kTe
pime
)− 12 (√
1 +
4u2B
U2i tan
2 ϕ
− 1
)]
(4.50)
Recalling the expression for the velocity orthogonal to the wall calculated at the plasma edge
of the sheath we observe that
φw =
kTe
e
ln
[
4
(
8kTe
pime
)− 12
ui0⊥
]
(4.51)
in close analogy with what happened in the radial case.
Some insight can be obtained by studying the equation. First of all, we observe that the
equation only depends on the local temperature value, inclination, and x velocity, no density
dependence is to be found.
Furthermore we observe the particular condition:
 uiy0 cosϕ−Ui sinϕ = ui0⊥ = 0 , when this condition is veriﬁed, it implies that the ion ﬂux
at the wall is null, and therefore no electron thermal ﬂux is admitted in order to sustain
the zero current condition. This is translated in the model by the fact that φw = −∞ this
implies that being the electron's Boltzmann distributed their density goes to zero at the
wall and no thermal ﬂux is recorded.
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The results showed so far are completely general, whatever conditions for the plasma edge prop-
erties are applied.
But if we now want to make a parametric study of the solution varying ϕ we have to give
the dependence of the other parameters, namely n0,Te0,Ui on the inclination.
here we study two cases:
1) ﬁxed plasma edge of the sheath conditions ∂n0∂ϕ =
∂Te0
∂ϕ =
∂Ui
∂ϕ = 0.
This analysis, although useful to understand the trends of the mathematical model, is not realis-
tic. As a matter of fact a change in the actual local wall inclination (or magnetic ﬁeld topology)
would necessarily imply a diﬀerent operating condition of the thruster and therefore diﬀerent
centerline conditions and diﬀerent values of the parameters at the plasma edge of the sheath.
Nevertheless it is useful to better understand the behavior of the model and its direct dependence
on the inclination angle, without changing the boundary conditions. This could be applied to a
real case when small inclination angle variations are considered.
In this case the main results are again
uiy0 =
Ui tanϕ
2
[
1 +
√
1 +
4u2B
U2i tan
2 ϕ
]
ui0⊥ = Ui sinϕ2
[√
1 +
4u2B
U2i tan
2 ϕ
− 1
]
ui0‖ =
Ui tanϕ
2
[
1 +
√
1 +
4u2B
U2i tan
2 ϕ
]
sinϕ+ Ui cosϕ
uiyw =
√
u2iy0 − 2eφwmi
φw =
kTe
e ln
[
4
(
8kTe
pime
)− 12
ui0⊥
]
(4.52)
if we plot the various velocities as a function of the inclination angle we obtain what is shown in
Figure 4.12
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Figure 4.12: Velocities behavior at the plasma edge of the sheath, upon ϕ variation for the ﬁrst case
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First of all, we see that this model exactly degenerates in the previous one when ϕ → 0 in
this case we obtainuiy0 = ui0⊥ = uBui0‖ = Ui
Then upon ϕ increase, keeping the same Ui, we observe how the velocity parallel to the magnetic
ﬁeld line at the sheath entrance tends to increase and so does the velocity parallel to the wall.
On the velocity orthogonal to the wall two opposing eﬀects act, the decrease implied by the
higher inclination of the wall, and the increase due to the increase of uiy0. The combination of
the two is such that the velocity component orthogonal to the wall gradually decreases with ϕ.
Consequently the ﬂoating potential, being linked just by a natural logarithm to the ui0⊥, tends
to become always more negative, monotonically with ϕ.
In the limit for ϕ→ pi2 non-physical results tend to arise: while the orthogonal velocity tends to
zero (as we would expect when the magnetic ﬁeld line becomes parallel to the wall, no ﬂux to
the wall is recorded) and therefore the ﬂoating potential goes to −∞ as expected, the other two
velocities tend to become inﬁnite. This is an artifact produced by the model that can't accurately
reproduce this limit because ϕ→ pi2 implies an abrupt change of the cross section of the channel,
or extremely swept back magnetic ﬁeld lines, in both cases we can't expect that in such extreme
conditions Ui at the plasma edge is actually independent on the inclination. What we expect
instead is that it tends to decrease with high inclinations, smoothing this limit.
2) only Ui variation with ϕ:
∂n0
∂ϕ =
∂Te0
∂ϕ = 0, Ui = UM cosϕ.
Changing the inclination, means changing the geometry of the channel or the topology of the
magnetic ﬁeld, and both greatly inﬂuence the solution inside the channel.
Nevertheless we can assume that the variation on Te0 and n0will be small, and less relevant than
the variation of Ui, so we assume Te0 and n0 to be independent on ϕ.
It is clear that the inclination aﬀects the x solution. Clearly it won't be simply a function of
the local value of ϕ because a change of ϕ would change the overall solution inside the channel
and only ultimately aﬀect the Uiin a not easily predictable fashion.
Here we try to give a simple, qualitative, dependence of Ui(ϕ)upon only the local inclination so
to be able to perform a simple parametric study of the solution.
Assume that the x velocity of the ions on the channel centerline is known UM . What is intuitively
reasonable to think is that if the local inclination of the magnetic ﬁeld line is 0, uxcan be considered
to be uniform along it and equal to UM , while if the channel walls start to be inclined, chamfered
(increasing ϕ) uxwill have a certain gradient along the line, moving from a maximum at the
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centerline, to a lower value Ui at the plasma edge of the sheath.
This can be also stated that: being the ions essentially not eﬀected by the magnetic ﬁeld, where
a local inclination of the magnetic ﬁeld lines with respect to the wall is present their distribution
of speed can be compared to that of a gasdynamic expansion of a neutral gas through a conical
diverging duct, here the velocity is well represented by being constant on spheres, orthogonal to
the walls, and in that case, if ϕis the half divergence angle of the cone the projection in the axial
direction of the velocity at the wall (Ui) would provide that Ui = UM cosϕ(see Figure 4.13).
Figure 4.13: Conic duct comparison
Therefore as a rough approximation (while the rest of the discussion has been conducted
formally) in order to study a dependence on the sheath solution upon only local quantities we
assume Ui = UM cosϕ with UM , the velocity on the centerline, not dependent on the inclination
(always keeping in mind that the results won't be accurate, but will be nevertheless useful to
understand the behavior of the system).
In this case the velocities become
ui0 =
UM sinϕ
2
[
1 +
√
1 +
4u2B
U2M sin
2 ϕ
]
ui0⊥ = UM cosϕ sinϕ2
[√
1 +
4u2B
U2M sin
2 ϕ
− 1
]
ui0‖ =
UM sinϕ
2
[
1 +
√
1 +
4u2B
U2M sin
2 ϕ
]
sinϕ+ UM cos
2 ϕ
(4.53)
that analytically describe the behavior shown in the plots of Figure 4.14
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Figure 4.14: Velocities behavior at the plasma edge of the sheath, upon ϕ variation for the second case
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As we see in this case a much more realistic description of the trend is presented:
again for ϕ→ 0 we ﬁnd the classical model, but here we don't ﬁnd any paradox also for ϕ→ pi2 ,
because of the assumed dependence of Ui it goes to zero when ϕ → pi2 and therefore no mathe-
matical problem arises.
In this new setup
when ϕ→ 0
 ui0 → uB
 ui0⊥ → uB
 ui0‖ → UM
 φw → kTe2e ln
(
2pime
mi
)
and we ﬁnd the classical model
.
while when ϕ→ pi2
 ui0 → UM2
[
1 +
√
1 +
4u2B
U2M
]
 ui0⊥ → 0
 ui0‖ → UM2
[
1 +
√
1 +
4u2B
U2M
]
 φw → −∞
This condition of a 90° inclination angle is the one for which the ion ﬂux to the wall becomes zero
and therefore the potential drop across the sheath becomes inﬁnitely negative and the electrons
vanish next to the sheath, satisfying the zero current condition.
So while ϕ increases the ion's ﬂux to the wall decreases up to zero, while their overall kinetic
energy at the plasma edge of the sheath slightly increases
This somehow explains, as we will see in the following, the erosion saturation of HET channels,
observed experimentally. If we assume the magnetic ﬁeld to be ﬁxed, the progress of the erosion
is such that the magnetic ﬁeld lines tend to become always less steep upon intersection with the
wall, the inclination angle gradually increases and therefore the ﬂux of ions to the wall decreases
and, as we will demonstrate in the next chapter, also erosion decreases up to a point where no
erosion can be recorded.
In the end this model gives satisfying results, even though it is approximate and with the plasma
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edge parameters dependence on local inclination somewhat labile, it gives simple results, easy
to be interpreted and gives a feeling of how the interaction of the plasma with the wall will be
aﬀected by a variation of the relative inclination of the magnetic ﬁeld line with the wall.
4.5 Plasma sheath in front of a biased wall
All the preceding sections were conducted referring to an insulator wall where the ﬂux of ions
and electrons naturally adjusts so that a net 0 current condition is achieved.
Nevertheless the model that governs the behavior of the plasma in the region next to a conducting
biased wall of known potential (as the anode in a HET for exemple) is extremely similar.
All the conclusion of the model presented in Section 4.3.1 can be reobtained in the same way,
except for the calculation of the ﬂoating potential and therefore the sheath thickness, that must
be substituted with the condition of a known potential at the wall (the wall's bias) and would
imply a net current ﬂowing in the wall.
Clearly, if the potential drop in the sheath becomes too small, some of the assumptions may
result non correct, like the assumption of the maxwellian distribution for the electrons.
Unfortunately a complete description of conducting wall sheaths is beyond the aim of this thesis,
for a more complete discussion see Ref. [15].
The only conclusions in this case that will be needed for the discussion of the following parts are:
 for typical operational conditions of Hall eﬀect thrusters the sheath in front of the anode is
qualitatively analogue to the one in front of the insulator walls (even though a ﬁnite current
ﬂows through it) and therefore ion's are attracted to it and enter the anode sheath with a
velocity in ﬁrst approximation equal to Bohm's speed;
 this implies that in the ﬁrst part of the channel an ion's back streaming region is to be
found, where ion's slowly drift towards the anode;
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Chapter 5
Erosion Model
5.1 Channel erosion process
As discussed in Section 2.5 the main limitation in HET's operational life duration is the heavy
erosion of the thruster channel, in particular recorded near the exit of the channel itself. The
inherent risks connected with this phenomenon are mainly two
1. the variation of the geometry and the relative conﬁguration of the channel geometry with the
magnetic ﬁeld lines due to the erosion of the channel necessarily implies a diﬀerent-from-
design operation condition for the thrusters, not easily predictable, mining the thruster
reliability for long term missions;
2. most of all when the erosion becomes too strong the magnetic circuit itself may be exposed
and eroded, implying the failure of the propulsive system;
When highly energetic ions impinge on the channel wall they remove material from the insulation
that protects the magnetic circuit, this phenomenon is called sputtering.
The main idea behind sputtering is that it is driven by momentum exchange between the ions
and the atoms in the material due to direct collisions; The incident ions set oﬀ collision cascades
in the target. When such cascades recoil and reach the target surface with an energy greater than
the surface binding energy, an atom is ejected (Figure 5.1).
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Figure 5.1: Collision cascade sputtering scheme
The sputtering of a certain material under bombardment of a certain ion (say BNSiO2
wall under bombardment of Xe+ions) is identiﬁed by the corresponding sputtering yield (Y)[
mm3
C
]
that represents the volume eroded from the material per incident charge.
Due to the complexity of the phenomenon, no complete analytical model can be found in liter-
ature, but only extensive experimental campaigns on diﬀerent materials and impinging ions (in
particular see Ref. [18]) nevertheless some conclusions of general validity can be assessed:
 the sputtering yield has a dependance on both the incident charge kinetic energy i and the
angle between the ion velocity and the wall normal α ;
 a minimum energy threshold for the impinging ions exists, under which no sputtering is
recorded th;
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5.2 Semiempirical model
With the huge amount of data collected for the sputtering yield of diﬀerent materials under bom-
bardment of diﬀerent ions (see Ref. [18, 19] and references therein) a semiempirical dependence
of the sputtering yield was developed by Yamamura et al. [18].
It gives the general dependence of the sputtering yield upon the incident energy and the angle of
incidence in the form:
Y =
(
c1 + c2α
2 − c3α3
)√
i
(
1−
√
th
i
)
(5.1)
where c1, c2, c3 and th are semiempirical constants that depend on the particular combination of
insulator material and incident ion.
5.2.0.4 Eﬀects of diﬀerent materials
It is clear that diﬀerent materials provide diﬀerent expressions for the sputtering yield and require
ad-hoc measurements to establish the best ﬁtting constants.
State of the art HETs typically use as propellant Xenon, and as insulator wall Boron nitride
compounds (BN, BNSiO2) and in some cases Allumina (AlSiO2).
taking as a reference Alta's HT-5k thruster we'll focus on the analysis of Xenon-BNSiO2 duo and
its sputtering properties.
For this particular conﬁguration the reference formula to compute the sputtering yield has been
developed by Garnier (see Ref. [19]) using Yamamura's model and twitching the free parameters
to ﬁt experimental data.
Y =
(
0.0099 + 6.04× 10−6α2 − 4.75× 10−8α3)√i(1−√58.6
i
)
(5.2)
where α is measured in degrees and i in electron volts.
This formula has proven to accurately predict erosion rates at the typical operation conditions
of Hall eﬀect thrusters, while is ill-predicting erosion behaviour at very low impact energies (Ref.
[10])
This simpliﬁed model is able to predict erosion, but is somehow lacking a deep insight in the
erosion process.
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Figure 5.2: Sputtering yield calculated for singly ionized Xenon on BNSiO2 against ion energy for two
incidence angles
While for the aim of this thesis Garnier's formula is more than adequate, in literature various
authors developed much more sophisticated models that take into account diﬀerent, higher order
material eﬀects.
An example of this trend can be found in Ref. [20] where Shinder et al. developed a completely
3D model of the erosion process of the walls of a HET under ion bombardment.
In this heterogeneous erosion model, they observed how the BNSiO2 tends to create macro
particles of both BN and SiO2 that react diﬀerently to the ion bombardment, while each of
them responds closely as predicted by the corresponding Yamamura formula, the heterogeneous
combination of the two generates diﬀerent, three dimensional eﬀects, creating non regular surfaces,
increasing the roughness of the wall and varying the relative fraction of the two materials while
erosion proceeds.
Anyway as stated, this higher order eﬀects are not relevant for a ﬁrst order analysis and won't
be taken into account in the following development of the present work.
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5.3 HET's erosion
HET's channel local erosion rate
[
mm
s
]
, that is the actual volume of insulating material eroded
per unit time per unit surface, can be computed as W˙ = Y Jiw where Y is the sputtering yield
and Jiw is the ion's current density to the wall.
While the total erosion rate
[
mm3
s
]
is the integration of the local erosion rate over the entire
exposed area.
Typically the higher ion energies are found at the exit of the channel, where the maximum
acceleration inside the channel occurs, and when typically the highest electron temperature is
(therefore the higher wall eﬀects).
What we have to investigate now is what accelerates the ions towards the wall.
As it is discussed in Ref. [11] the ion ﬂux to the wall in the accelerating channel is the combination
of three mechanisms:
1. Sheath eﬀect;
2. Flow divergence due to the magnetic ﬁeld;
3. Particle scattering;
The sheath eﬀect, is basically what has been presented in the previous chapter: at the insu-
lating boundaries of the plasma domain an ion attracting sheath forms that accelerates the ions
along the magnetic ﬁeld line up to Bohm's speed at the plasma edge of the sheath, furthermore
the heavy potential drop (ﬂoating potential) across the sheath further highly accelerates the ions
that therefore reach the wall with a high kinetic energy and with a signiﬁcant component of
velocity (and therefore ﬂux) directed towards the wall, generating erosion.
Flow divergence due to the magnetic ﬁeld, this can arise from a misalignment of the
magnetic ﬁeld, if it is ill-designed and a defocusing magnetic ﬁeld is obtained. As already dis-
cussed in Chapter 3 the magnetic ﬁeld lines tend to be isopotential, therefore the electric ﬁeld
tends to diverge where a defocusing magnetic ﬁeld is present and this implies that also the ions
(accelerated by the electric ﬁeld) tend to diverge near the exit of the channel, these deviating
ions then impinge on the wall and deface the insulation layer, eroding it.
observe that the erosion originating directly from ﬂow divergence is zero from properly designed
magnetic ﬁeld topologies.
These ﬁrst two eﬀects can actually be both lead back to a common description when the analysis
of the sheath presented in Section 4.4 is used; here a general inclination of the magnetic ﬁeld line
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with respect to the wall allows for the study of both the strictly sheath eﬀect and the deviation
eﬀect produced by the defocusing magnetic ﬁeld (if a proper boundary condition on Ui is used).
the sheath eﬀect can be seen as the solution for the ion energy ﬂux obtained by the model with
Ui = 0 while the ﬂow divergence eﬀect can be understood by realizing that a defocusing magnetic
ﬁeld would be one that presents a negative inclination angle ϕ in that description, and therefore
tends to accelerate ions towards the wall, so the ﬂow divergence eﬀect can be thought as the
diﬀerence that a negative inclination angle with a properly evaluated Ui implies w.r.t. the case
with null Ui.
But in the end both of them are taken into account in the general picture.
Particle scattering, is the third eﬀect that has never been discussed so far, the idea is that
while being accelerated, ions encounter other particles before escaping the thruster. Although
the plasma is only slightly collisional, from time to time, ions are diverted from their path due
to collisions with neutral atoms. After colliding they might hit the channel wall, eroding the
insulation.
This is basically equivalent as stating that the ions are not perfectly cold but due to the few
collisions that they encounter also a small random motion has to be added to the ﬂuid one that
can provide for a small diﬀusive ﬂux of ions to the wall that could enhance erosion.
In Ref. [11] a simulation is presented, aimed to compare the order of magnitudes of these eﬀects,
their results are presented in Figure 5.3, assuming no ﬂow divergence eﬀect, for a well designed
magnetic lens.
Figure 5.3: Sheath eﬀect and particle scattering comparison
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As it is clearly evident particle scattering is responsible for a minimal part of the erosion
(less than 5%), while the main responsible, by far, is the acceleration of the ion's parallel to the
magnetic ﬁeld lines caused by the presence of the wall and ultimately by the sheath.
5.3.1 Erosion saturation
Being that we have a reliable model for the behavior of the sheath presented in Chapter 4, and
considering that the sheath acceleration is the main responsible for the ion ﬂux to the wall, and
therefore the erosion, we are now in the position to qualitatively describe the trend of the erosion
with time, and why erosion saturation occurs.
Suppose to have a current state of the art thruster, with quasi-radial magnetic ﬁeld lines near
the exit, that presents a straight channel, with no chamfered walls at BOL.
Upon ignition the plasma discharge reaches the point where an apparent stationary solution is
obtained with a temperature proﬁle increasing along the channel, with a peak temperature near
the channel exit that depends on the operational voltage.
We know that the ion's acceleration eﬀect both in the presheath and in the sheath is monotonically
increasing with temperature, being furthermore that the sheath eﬀect is the main responsible for
the channel erosion, the insulator material will start to be eroded mainly in the last fraction of
the channel, where the temperature is higher, with the maximum erosion rate near the channel
exit.
When the erosion takes place it starts to modify the channel geometry, and in particular it modiﬁes
the relative inclination between the channel wall and the local magnetic ﬁeld line, gradually
increasing the inclination angle ϕ, but as we know from the model presented in Section 4.4 the
higher the inclination angle the lower the ion's ﬂux to the wall Jiw , up to zero when ϕ→ pi2 , in
the same way the sputter yield tends to decrease.
Moreover, while erosion progresses, the grazing line tends to change to one that extends more
deeply in the channel, so the plasma temperature at the wall tends to decrease and the sheath
eﬀects decrease even more.
In the end the erosion rate monotonically decreases with the inclination angle, and therefore the
erosion progression, but it reaches exactly 0 only for ϕ→ pi2 nevertheless it falls quickly and, for
a certain value of ϕ¯, a very low, negligible value of the erosion rate will be recorded, this value
of ϕ¯ depends only on the local electron temperature and the velocity orthogonal to the magnetic
ﬁeld line, and therefore will change along the channel, generating a ﬁnal steady state shape over
which erosion saturation occurs (see Figure 5.4).
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Figure 5.4: Sample electron temperature proﬁle, and qualitative representation of the channel at BOL
and when erosion saturation occurs
This qualitatively explains the experimental evidences of erosion saturation of Hall eﬀect
thrusters, and suggests that, by properly designing the magnetic ﬁeld topology and channel
geometry, a zero-erosion conﬁguration for HET could be obtained from BOL, that is the main
concept on the basis of the study and development of magnetically shielded Hall thrusters.
Part III
HET channel modelization
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Chapter 6
1D Model of a HET Channel With
Ideal Radial Magnetic Field
6.1 Relevance of an ideal magnetic ﬁeld model
In this part a one-dimensional, axial model of the behavior of the plasma in the thruster channel
of standard Hall eﬀect thruster will be presented.
Figure 6.1: Standard HET magnetic ﬁeld topology (Alta's HT-5k)
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Due to the fact that we have extensive experimental data on the operational properties of
state-of-the-art design thruster (like Alta's HT-5k) the ﬁrst logical step in the description of
HETs operational behavior is the development of a simpliﬁed model capable of catching the most
relevant phenomena that come into play into the working principle of standard HET thruster
conﬁgurations, and then validate the model by comparison between the predicted and measured
performance of a real engine.
Therefore, in this chapter, the theoretical development of a simpliﬁed 1D model of a generic
thruster assuming ideal, quasi-radial magnetic ﬁeld topology is discussed, that should be able to
predict the operation condition of current engines as is presented in Chapter 8.
6.2 General assumptions
Consider the channel of a HET and the near plume, up to the cathode, as it is shown in Figure
6.2
Figure 6.2: Channel's geometry
6.2. GENERAL ASSUMPTIONS 87
We deﬁne the axial coordinate z going from 0 at the anode (actually at the plasma edge of
the sheath in front of the anode) towards the cathode, where the exit of the channel is located at
z = Lch and the cathode at z = Lcat; r is the radial coordinate where the plasma domain goes
from r = R1 to r = R2, and the area of the channel is A = pi
(
R22 −R21
)
(that can, in general, be
a function of the axial coordinate); and θ is the azimuthal coordinate.
Assume that the magnetic ﬁeld in the regions where it is more relevant (that means near the
exit of the channel where the acceleration takes place) is ideal, so quasi radial.
Observe that a magnetic ﬁeld strictly radial is not physically admissible, as a matter of fact as
stated by Maxwell's equations, in stationary form and neglecting the magnetic ﬁeld generated by
the currents inside the thruster (negligible w.r.t. the one generated by the external circuit)
∇ · ~B = 0∇× ~B = 0 (6.1)
What we would like to assume as a simpliﬁcation is to consider an ideal magnetic ﬁeld that is
B = B(z)eˆr.
This ﬁeld shape is not a solution of system 6.1. Nevertheless in typical real magnetic ﬁelds of
current thrusters (see Figure 6.1), the magnetic ﬁeld has relatively small gradients radially, is
mainly directed along the radial coordinate and varies with the axial coordinate near the exit of
the channel, and therefore that assumption won't imply strong errors even if it is non-physical.
Observe that near the anode this assumptions fails and the magnetic ﬁeld is far from being radial,
nevertheless we expect the magnetic ﬁeld to be not much inﬂuential in the ﬁrst part of the channel
and thus the actual shape of the magnetic ﬁeld won't be relevant.
In addition we want to provide a simpliﬁed description that allows for a one-dimensional de-
scription of the channel, this implies that we assume that the properties are uniform on every
cross section of the channel, and the velocities of the plasma are all axially oriented (except for
the electrons that present a strong azimuthal motion due to the Hall eﬀect). Clearly this is a
strong hypothesis but it can be justiﬁed considering the anisotropy induced in the plasma by the
magnetic ﬁeld. As we already discussed in previous chapters plasma properties tend to become
rapidly uniform along the magnetic ﬁeld lines, due to the electron's motion being unimpeded,
both temperature and potential can be assumed to be almost uniform along them, this implies
an electric ﬁeld quasi-orthogonal to the magnetic ﬁeld that accelerates the ions perpendicularly
to the magnetic ﬁeld lines.
In the hypothesis under which the magnetic ﬁeld is purely radial this implies that the properties
can be considered, in ﬁrst approximation, constant on the thruster channel section, and varying
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only axially. As discussed in Chapter 4 the radial behavior is still relevant for the plasma-wall in-
teraction, and will be accounted for with volumetric source terms only axially dependent, forcing
a decoupling of the parallel-to-the-magnetic-ﬁeld behavior with the perpendicular one, allowing
for a complete, even though approximated, 1D axial description of the channel (only valid for
traditional ideal magnetic ﬁeld HETs).
So the basic assumptions that will be used in the following 1D descriptions are:
 stationary ∂∂t = 0, therefore the electric ﬁeld is conservative
~E = −∇φ;
 quasi 1-D ∂∂θ ,
∂
∂r  ∂∂z that means that all the properties are only functions of the axial
variable z and the derivatives with respect to it are therefore total derivatives;
 ~ui = uieˆz;
 ~ue = uez eˆz + ueθ eˆθ;
 ~un = uneˆz;
 quasi-neutral ni = ne , n, this implies that our domain is in the bulk of the plasma,
excluding the sheaths that form at the channel walls and in front of the anode;
 only singly charged ions are considered;
 the magnetic ﬁeld generated by the currents ﬂowing in the plasma is negligible w.r.t. the
externally generated one;
 assigned, axisimmetric, radial magnetic ﬁeld varying only with the axial direction ;
6.3 Model equations
Figure 6.3: 1D model control volume
With the discussed assumptions I extracted
the equations for the plasma and neutral mo-
tions simply applying the integral form of the
conservation principles of particles, momen-
tum and energy to the three species of ions,
electrons and neutrals on a elementary volume
bounded by two successive (distant only an
inﬁnitesimal dz) ideal magnetic ﬁeld lines, ex-
cluding the non-neutral sheaths, which thick-
ness can be neglected, as schematically drawn
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in Figure 6.3, where a symmetric chamfer angle ϕ was included.
In order to do so we must deﬁne two geometric quantities that are the surface corresponding to a
magnetic ﬁeld line of interest at a certain z that in this ﬁrst model exactly corresponds with the
channel cross section and the corresponding elementary volume, that will be used extensively in
the following A(z) = pi
(
R22(z) −R21(z)
)
V(z) = Adz
(6.2)
Furthermore with the discussed assumptions E = −∇φ = −∂φ∂z .
In the following sections I'll show the derivation of such governing equations.
6.4 Ions
Assumptions:
 non-magnetized ions rLi  Lch;
 negligible momentum exchange through collisions;
 cold ions, Ti ≈ 0, and therefore negligible pressure eﬀects;
 ionization particle generation introduced as a volumetric source term N˙Ii = nνI , the ions
generated in this way possess the neutral speed;
 the plasma-wall interaction eﬀects are accounted with distributed sink terms with a char-
acteristic frequency νw(to be deﬁned in Section 6.9.3) that means ˙Nwi = −nνw and
~˙Qwi = −minνw ~ui, that take into account the particle and momentum losses through the
lateral boundaries (that correspond to the plasma edge of the wall sheaths) due both to
the radial acceleration induced by the presence of the wall and also to the component of
the axial ﬂux of ions orthogonal to the wall (that exists if a ﬁnite inclination ϕ of the wall
w.r.t. the thruster's axis is present);
6.4.1 Ions continuity equation
With all the discussed assumptions the continuity equation for the ions writes
D
Dt
ˆ
V
ndV =
ˆ
V
N˙IidV +
ˆ
V
˙NwidV (6.3)
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being the problem stationary the left term only translates to the ﬂux term
ˆ
∂V
n~ui · ~dS =
ˆ
V
nνIdV −
ˆ
V
nνwdV (6.4)
the particle ﬂux is now comprised of two parts: the ﬂux across the surfaces S(z) and S(z+dz),
while the ﬂux through Sw, the lateral surface, is accounted in the wall term.
ˆ
S(z)
n~ui · ~dS +
ˆ
S(z+dz)
n~ui · ~dS =
ˆ
V
nνIdV −
ˆ
V
nνwdV (6.5)
let's study each term separately, considering that ~ui = uieˆz and ~dS = dSeˆz

´
S(z)
n~ui · ~dS +
´
S(z+dz)
n~ui · ~dS = ddz (nuiA)dz

´
V
nνIdV = nνIV = nνIAdz
 − ´
V
nνwdV = −nνwAdz
So the equation takes the form
d
dz
(nuiA) dz = n(νI − νw)Adz (6.6)
Fianlly, dividing by dz
d
dz
[nuiA] = n(νI − νw)A (6.7)
6.4.2 Ions momentum equation
The general form of the vectorial momentum conservation equation with the assumptions regard-
ing the ions takes the form
D
Dt
ˆ
V
min~uidV =
ˆ
V
ne~EdV +
ˆ
V
minνI ~undV +
ˆ
V
~˙QwidV (6.8)
and again


ˆ
V
∂
∂t
(min~ui)dV +
ˆ
∂V
min~ui(~ui · ~dS) =
ˆ
V
ne~EdV +
ˆ
V
minνI ~undV +
ˆ
V
~˙QwidV (6.9)
ˆ
S(z)
min~ui(~ui · ~dS) +
ˆ
S(z+dz)
min~ui(~ui · ~dS) =
ˆ
V
ne~EdV +
ˆ
V
minνI ~undV −
ˆ
V
minνw ~uidV (6.10)
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let's now consider one term at a time

´
S(z)
min~ui(~ui · ~dS) +
´
S(z+dz)
min~ui(~ui · ~dS) = ddz
[
minu
2
iA
]
dzeˆz

´
V
ne~EdV = −nedφdz V eˆz = −nedφdzAdzeˆz

´
V
minνI ~undV = minνIunAdzeˆz
 − ´
V
minνw ~uidV = −minνwuiAdzeˆz that also accounts for the axial ﬂux component or-
thogonal to the wall
so the equation in vectorial form writes
d
dz
[
minu
2
iA
]
dzeˆz = −nedφ
dz
Adzeˆz +minνIunAdzeˆz −minνwuiAdzeˆz (6.11)
This vectorial equation must be projected along a speciﬁc direction, in particular the clearly rele-
vant direction in this model is the axial one, obtaining (after dividing by dz) the ﬁnal expression:
d
dz
[
minu
2
iA
]
= −nedφ
dz
A+min (νIun − νwui)A (6.12)
6.4.3 Ions energy equation
As stated ions are simply assumed as cold
Ti ≈ 0, (6.13)
this assumption is widely used in literature (see Ref. [21]) and completely reasonable, considering
the low ion collisionality their internal energy will be order of magnitudes lower than electron's
and therefore completely negligible.
6.5 Electrons
We made a series of plausible hypothesis concerning the behaviour of electrons inside the channel:
 ionization particle generation introduced as a volumetric source term N˙Ie = N˙Ii = nνI ;
 walls interaction eﬀects (due both to sheath parallel acceleration, and axial ﬂux component
orthogonal to the wall) in the continuity are introduced as a volumetric sink of electrons
N˙we = −nνw. Where νw is an appropriate frequency, called wall recombination frequency;
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 assume a very large Hall parameter β = ωeνe as deﬁned in Section 2.3, where ωe =
eB
me
is the
electron cyclotron frequency and νe is the generalized electron collision frequency. Typical
values of β for HETs are in the range of 100− 300. we assume β  1;
 in the momentum equation we will neglect:
 electron inertia;
 loss of momentum due to wall interaction eﬀects;
 generation of momentum due to ionization;
 electron-ions coulomb collisions, having a much smaller eﬀect in the behavior of the
plasma with respect to electron-neutral collisions;
 un with respect to ue;
 in the total energy conservation equation we neglect:
 the kinetic energy with respect to the internal energy;
 the change of total energy due to elastic electron-neutral collisions;
 energy losses due to ionization are introduced as a volumetric sink of energy ˙EIe = −nνIαIΣI
where ΣI is the propellant primary ionization energy (12.1eV for Xenon) and αI is an ion-
ization factor that takes into account the eﬀective energy loss per actual ionization, due to
excitation collisions (αI ∼ 2÷ 3 according to Ref. [22] and assumed by us αI = 2.5);
 Energy losses in the radial direction due to walls eﬀects (due both to particle ﬂux internal
energy transport and pulsion work of the pressure at the plasma edge of the sheath, due
both to sheath parallel acceleration, and axial ﬂux component orthogonal to the wall if
a ﬁnite inclination of the wall is present, and in principle accounting also for the work
produced by the small radial electric ﬁeld present in the presheath and the heat exchange
through the plasma edge of the sheath boundary of the domain) are also introduced as
a volumetric energy sink E˙we = −nkTeνwe. Where νwe is an appropriate frequency that
takes into account energy losses due to the complete radial behavior of the plasma and its
interaction with the wall (that can't be otherwise resolved in a 1D axial model) (discussed
in Section 6.9.3).;
 We consider a Maxwellian distribution function for the electrons. Thus the electron pressure
writes Pe = nkTe, and the electron internal energy writes Ue =
3
2kTe. While in the sheath
this was somehow a delicate assumption, in the quasineutral plasma bulk it is reasonably
veriﬁed;
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6.5.1 Electrons continuity equation
Under the formulated hypothesis the electron continuity writes:
D
Dt
ˆ
V
ndV =
ˆ
V
N˙IedV +
ˆ
V
N˙wedV (6.14)
The left hand side can be written as:
D
Dt
ˆ
V
ndV =
ˆ
S(z)
n ~ue · ~dS +
ˆ
S(z+dz)
n ~ue · ~dS (6.15)
Now the term in the left hand side:

´
S(z)
n ~ue· ~dS+
´
S(z+dz)
n ~ue· ~dS = −
´
S(z)
nuezdS+
´
S(z+dz)
nuezdS = − (nuezA) bz+ (nuezA) bz+dz=
d
dz [nuezA] dz
The right hand side of the continuity equation writes:
´
V
N˙IedV +
´
V
N˙wedV =
´
V
(νi − νw)ndV = (νi − νw)n
´
V
dV = n (νi − νw)Adz
Finally the electron continuity writes, dividing by dz.
d
dz
[nuezA] = n (νi − νw)A (6.16)
That is clearly analogue to the ion's continuity equation, considering that the generation term
due to ionization and the sink term due to the wall interaction have the same eﬀect on the two
species.
6.5.2 Electrons momentum equation
Under the assumptions the electron momentum equation writes:
0 = −
ˆ
V
ne~EdV−
ˆ
V
en( ~ue∧ ~B)dV−
ˆ
S(z)
Pe ~dS−
ˆ
S(z+dz)
Pe ~dS−
ˆ
Sw1+Sw2
Pe ~dS−
ˆ
V
menνe ~uedV
(6.17)
Is worth noting, already from the beginning, that an azimuthal momentum equation can't be
derived using this integral approach, this is due to the deﬁnition of the control volume. As we
will see later a momentum equation concerning the azimuthal component can be derived from
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the azimuthal diﬀerential momentum equation for electrons.
Now we analyze the various terms of the right hand side of the momentum equation:
 − ´
V
ne~EdV =
´
V
nedφdz eˆzdV = ne
dφ
dzAdzeˆz.
 − ´
V
en( ~ue ∧ ~B)dV =
´
V
neueθBeˆzdV −
´
V
neuezBeˆθdV
The two terms write, with the assumptions on the magnetic ﬁeld shape:

´
V
neuezBeˆθdV = neuezB
´
V
eˆθdV = 0 due to the symmetry of the system for rota-
tions around the thruster axis the integration of the azimuthal versor along a closed
circuit is zero

´
V
neueθBeˆzdV = neueθBeˆz
´
V
dV = neueθBAdzeˆz
So − ´
V
en( ~ue ∧ ~B)dV = neueθBAdzeˆz
 − ´
S(z)
Pe ~dS −
´
S(z+dz)
Pe ~dS = − ddz [nkTeA] dzeˆz assuming Pe = nkTe
 − ´
Sw1+Sw2
Pe ~dS = −
´
Sw1
Pe ~dS −
´
Sw2
Pe
~dS = −Pe
´
Sw1
eˆndS − Pe
´
Sw2
eˆndS
where eˆn is the outer pointing unit vector orthogonal to the wall surface. This although
being an eﬀect on the lateral surface of the domain, is not included in the wall term because
is not induced by the loss of particle to the wall and therefore the wall-interaction eﬀect,
is simply the pressure force acting on the lateral surfaces of the control volume due to the
area variation.
Now over Sw2the versor normal to the surface is eˆn = enz eˆz + enr eˆr = − sinϕeˆz + cosϕeˆr
where ϕis the local inclination of the wall
´
Sw2
eˆndS = − sinϕ
´
Sw2
eˆzdS + cosϕ
´
Sw2
eˆrdS = − sinϕ 2piR2dzcosϕ eˆz = −2piR2 tanϕdzeˆz =
−2piR2dR2eˆz (being tanϕdz = dR2)
Instead over Sw1 : eˆn = enz eˆz + enr eˆr = − sinϕeˆz − cosϕeˆr
´
Sw1
eˆndS = − sinϕ
´
Sw1
eˆzdS − cosϕ
´
Sw1
eˆr · ~dS = − sinϕ 2piR1dzcosϕ eˆz = −2piR1 tanϕdzeˆz =
+2piR1dR1eˆz (being tanϕdz = −dR1)
Noting that dR1 = −dR2 if the channel is symmetrically chamfered
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-Pe
´
Sw1
eˆndS − Pe
´
Sw2
eˆndS = Pe2pi [R2 +R1] dR2eˆz = PedAeˆz = Pe
dA
dz dzeˆz observe that
even if the ricavation assumes a symmetric chamfer, the result has general validity.
 − ´
V
menνe ~uedV = −
´
V
menνeuez eˆzdV −((((((
((´
V
menνeueθ eˆθdV = −menνeuezAdzeˆz where νe
is the electron collision frequency, that will be further discussed in Section 6.9.2.
the term in eˆθ goes to zero due to the azimuthal symmetry.
Therefore electron's momentum equation takes the form
ne
dφ
dz
Adzeˆz + neueθBAdzeˆz −menνeuezAdz ~ez − d
dz
[nkTeA] dzeˆz + nkTe
∂A
∂z
dzeˆz = 0 (6.18)
Projecting the equation in the axial direction, dividing by dz and combining the magnetic eﬀect
with the collision eﬀect we are left the ﬁnal expression
ne
dφ
dz
A+meneνeA (βueθ − uez)− d
dz
[nkTeA] + nkTe
∂A
∂z
= 0 (6.19)
In this equation appears the variable ueθ, and as we have said previously from an integral
approach we can't derive a momentum equation for the θ direction. An equation for ueθ could
be derived from the θ component of the electrons momentum diﬀerential equation. Neglecting
inertia, considering an azimuthal symmetry, but keeping the eﬀect of electrons collisionality, we
obtain
ωeuez + νeueθ = 0 (6.20)
so
ueθ = −βuez (6.21)
Where ωe =
eB
me
is the electron cyclotron frequency.
Substituting back in the axial equation
e
dφ
dz
A−meneνeA
(
β2 + 1
)
uez − d
dz
[nkTeA] + nkTe
∂A
∂z
= 0 (6.22)
Assuming that β2  1 corresponds in being able to neglect electron collisionality in the axial
direction while keeping them in the azimuthal equations (fundamental for the proper description
of HET's physics, to allow for a ﬁnite electron drift)
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e
dφ
dz
A−meneω
2
e
νe
uezA−A d
dz
[nkTe] = 0 (6.23)
6.5.3 Electrons energy equation
The electron total energy equation writes:
D
Dt
ˆ
V
nUedV = −
ˆ
∂V
Pe ~ue · ~dS+
ˆ
V
ne
dφ
dz
~ez · ~uedV −
ˆ
∂V
~qe · ~dS+
ˆ
V
E˙IedV +
ˆ
V
E˙wedV (6.24)
where also a generic heat ﬂux ~qe is allowed.
The left hand side can be written as:
D
Dt
ˆ
V
nUedV =
ˆ
S(z)
nUe ~ue · ~dS +
ˆ
S(z+dz)
nUe ~ue · ~dS (6.25)
As previously, ﬁrst we analyze all the terms in the left hand side:

´
S(z)
nUe ~ue · ~dS+
´
S(z+dz)
nUe ~ue · ~dS = ddz [nUeuezA] dz the ﬂux to the wall due to the axial
motion of the electrons, are comprised in the wall energy exchange term and don't need to
be accounted directly.
Now is the turn of the right hand side
 − ´
∂V
Pe ~ue · ~dS = −
´
S(z)
Pe ~ue · ~dS −
´
S(z+dz)
Pe ~ue · ~dS
 − ´
S(z)
Pe ~ue · ~dS −
´
S(z+dz)
Pe ~ue · ~dS = − ddz [PeuezA] dz again the pulsion work of the
pressure at the plasma edge of the sheath over the component orthogonal to the wall
of the axial ﬂux of the electrons is already accounted for in the νweterm

´
V
nedφdz eˆz · ~uedV = neuez dφdzAdz
 − ´
∂V
~qe · ~dS = −
´
S(z)
~qe · ~dS −
´
S(z+dz)
~qe · ~dS
 − ´
S(z)
~qe · ~dS −
´
S(z+dz)
~qe · ~dS = − ddz [qezA] dz and the heat ﬂux to the wall is again
part of the wall term

´
V
E˙IedV +
´
V
E˙wedV = − (nνiαiΣi + nνwekTe)
´
V
dV = − (nνiαiΣi + nνwekTe)Adz
dividing the equation by dz and rearranging we ﬁnd
d
dz
[(
5
2
nkTeuez + qez
)
A
]
= neuez
dφ
dz
A− (nνiαiΣi + nνwekTe)A (6.26)
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6.6 Neutrals
The neutral behavior, in order to not excessively complicate the model is semi-empirically given
as an input to the system, only the continuity equation is kept analytical in order to obtain
realistic trends of the neutral density in the channel while the neutrals velocity is assigned.
So the assumptions are:
 assumed velocity proﬁle for the neutrals;
 ionization sink terms are included with N˙In = −nνI = −N˙Ii = −N˙Ie;
 wall recombination eﬀects are accounted for as a volumetric source term ˙Nwn = −N˙we =
−N˙wi = nνw;
6.6.1 Neutrals continuity equation
With all the discussed assumptions the continuity equation for the neutrals writes:
D
Dt
ˆ
V
nndV = −
ˆ
V
N˙IndV +
ˆ
V
˙NwndV (6.27)
Since the problem is stationary the left term only traduces to the ﬂux term
ˆ
∂V
nn ~un · ~dS = −
ˆ
V
nνIdV +
ˆ
V
nνwdV (6.28)
the particle ﬂux is now comprised of two parts: the ﬂuxes across the surfaces S(z), S(z+dz), while
the eventual ﬂux across Sw(the lateral surface) is part of the wall interaction term.
ˆ
S(z)
nn ~un · ~dS +
ˆ
S(z+dz)
nn ~un · ~dS = −
ˆ
V
nνIdV +
ˆ
V
nνwdV (6.29)
Let's study each term separately, considering that ~un = uneˆz

´
S(z)
nn ~un · ~dS +
´
S(z+dz)
nn ~un · ~dS = ddz (nnunA)dz
 − ´
V
nνIdV = −nνIV = −nνIAdz
 
´
V
nνwdV = nνwAdz
the equation assumes the form, dividing by dz
d
dz
[nnunA] = −n(νI − νw)A (6.30)
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6.6.2 Neutrals momentum equation
No momentum equation for the neutrals needs to be formulated, considering that we assume the
velocity proﬁle of the neutral particles along the channel and in the plume.
This widely accepted hypothesis simpliﬁes the system of equations and is fairly reasonable con-
sidering that the velocity proﬁle of the neutrals should not aﬀect and should not be aﬀected by
the plasma behaviour that much, and a wide literature on semiempirical data exists on the topic
(see Ref. [23]).
As a simplifying assumption we will further assume that the velocity of the neutrals is constant
everywhere in the channel
un = un0 (6.31)
this is reasonable because from experimental data it is known that the velocity of the neutrals
has small changes throughout the channel as you can see in a particular simulation extracted
from Ref. [23] represented in Figure 6.4
Figure 6.4: Neutrals velocity trend along the channel of a sample HET of the 6kW power range
The greatest variations are near the channel exit, observe that the relevance of the neutral
presence is where the ionization is maximum and therefore in a region typically near the anode.
If we represent the neutral velocity as a constant speed equal to the average speed at the anode
section, we are going to be able to represent fairly well the neutral behavior in the region where
their presence is most relevant, obtaining a reasonable accuracy, extremely simplifying the model.
In order to deﬁne the particular value to assign to un0 we referred to the analysis presented by
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Reid in Ref. [23].
Reid discusses that for typical anode conﬁgurations, the injector is choked, this implies that the
injection speed of neutrals is about their sonic speed
√
8kTn
pimi
, furthermore for the typical residence
time of the neutrals in thermal contact with the anode, it is safe to assume that they reach a
thermalized condition with the anode temperature Tn = Ta.
What this implies is that the velocity of the neutrals on the centerline of the thruster is reasonably
close to the propellant sound speed at the anode temperature
√
8kTa
pimi
.
But what we are interested in is not the neutral velocity at the centerline of the channel, in our
averaged 1D model, we care about the average value of the neutral speed on the whole cross
section, this is accounted with a correction factor, that leads to an expression of un as a fraction
of the thermal speed of the neutral propellant at the anode temperature
un =
√
8αkTa
pimi
(6.32)
For the value to assign to α Reid lead a extensive experimental and numerical campaign on the
neutral motion in the channel, that lead to demonstrate that a value of α ≈ 0.25 is in good
agreement with the simulation of the average neutral velocity at the entrance cross section (see
Figure 6.5)
Figure 6.5: un dependence on the anode temperature
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For what concerns the anode temperature, either it is prescribed from ad-hoc experimental
results, or, as it will be used in the actual simulations, a linear dependance of the anode tem-
perature over the discharge current Id is prescribed, Ta(Id). This is justiﬁed because the anode
temperature is linked to the actual power deposited at the anode by the electron ﬂux, that is
proportional to the current ﬂowing in the circuit.
6.6.3 Neutrals energy equation
There is no need of the use of an energy equation for the neutral gas, since the velocity is assumed,
temperature and pressure become irrelevant for the physical description in the channel.
6.7 Set of equations
In compact form it is

d
dz [nuiA] = n(νI − νw)A
d
dz [nuezA] = n (νi − νw)A
d
dz [nnunA] = −n(νI − νw)A
d
dz
[
minu
2
iA
]
= −nedφdzA+min (νIun − νwui)A
edφdzA−meneω
2
e
νe
uezA−A ddz [nkTe] = 0
d
dz
[(
5
2nkTeuez +qez
)
A
]
= neuez
dφ
dzA− (nνiαiΣi + nνwekTe)A
(6.33)
Observe that in order to completely close the problem an equation of state for the expression of qez
as a function of Te should be written. Nevertheless, the introduction of heat conduction greatly
increases the mathematical complexities of the system (being typically the equation of state of
second order in Te) without implying heavy changes in the plasma behavior, considering that for
the typical residence time of the plasma in the channel, electrons can eﬀectively be considered
adiabatic. Hence we neglected it for this ﬁrst order calculation.
All in al we are left with a set of 6 non linear, ﬁrst order ODEs in the spacial variable z, in the
6 unknowns [n, nn,uez, ui, Te, φ] that can be solved if 6 boundary conditions for the 6 unknowns
are assigned, closing the mathematical problem.
6.8 Boundary conditions
The six boundary conditions that will be used to solve the problem are:
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1. n(0) =
nn(0)
100
this condition, whereas not being physical, represents the observed property
that the plasma density at the anode is lower than the local neutral density by a factor of
10−2÷10−3, while of course it is not exact, it is reasonable to think that the plasma behavior
near the anode is not very much inﬂuential on the behavior in the relevant ionization and
acceleration parts of the channel and therefore won't be inﬂuential on the evaluation of the
thruster's performances. The speciﬁc value is chosen in accordance with the chosen value of
the ion velocity at the anode (see Section 8.3.1) in order to match the observed irrelevance
of the ion ﬂux at the anode.
2. nn(0) =
m˙
miA(0)
(
un + ui(0)
n(0)
nn(0)
) assuming to know m˙ = (nn(0)un0 + n(0)ui(0))miA(0),
the total mass ﬂow rate injected through the anode we know the neutral density at the
anode.
3. Te(Lcat) = Tcat assumed equal to the the cathode temperature (very common condition,
and typically known) usually in the range of 2÷ 3eV .
4. φ(0) − φ(Lcat) = Vd +((((((4φanodesheath where Vd is the applied discharge voltage, being that
the domain starts after the anode sheath, beginning at the plasma edge of the sheath, in
principle we should include also the potential fall inside the sheath. The anode sheath
potential fall is part of the solution therefore it increases the iterations needed to reach the
solution, furthermore is very small compared with the total discharge voltage and will in
ﬁrst approximation be neglected.
5. φ(Lcat) = 0 just choosing a reference for the potential.
6. ui(0) = ui0 assigning the ion's velocity at the anode. How is discussed in Section 4.5 we
expect that the sheath that forms in front of the anode is still an ion attracting sheath and
therefore the ion's should have in correspondence to z = 0 (the plasma edge of the anode
sheath) a velocity equal to Bohm's speed, directed towards the anode. Therefore a physical
condition should be ui(0) = −uB(0) = −
√
kTe(0)
mi
this condition depends on the solution and
increases the number of iterations needed to reach a solution, In addition the application of
a negative ion's speed condition at the anode implies that a zero ion's velocity point inside
the channel will exist. This induces strong gradients and a singular point in the diﬀeren-
tial problem (as is discussed in Section 8.2) and complicates the computation, therefore a
sensitivity analysis of the solution on the ion's boundary condition was performed (Section
8.3.1), realizing that the actual solution, except from a region very close to the anode, won't
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be practically aﬀected by the ion's boundary condition and therefore a reasonable, some-
what arbitrary, value of the ion's speed in z = 0 was assigned, in particular considering that
the ion's there were just generated through ionization at the neutral speed, we concluded of
simply impose that ui0 = un. This justiﬁes a posteriori the anode condition n(0) =
nn(0)
100
chosen to allow the ion ﬂux at the anode to be uninﬂuential
(
(uin)(0)
(unnn)(0)
= 10−2
)
.
observe that some of the conditions need to be applied at the cathode while others at the an-
ode, therefore the diﬀerential problems morphs into a Boundary value problem (BVP) which
integration procedure is extensively described in Part IV.
6.9 Modelization of the physical processes inside the channel
What is still left to discuss is the expression and the dependance on the unknowns of the various
terms that ﬁgure in the equations and not yet developed: the ionization frequency νI , the particle
and energy wall interaction terms νw and νwe and the electron generalized collision frequency νe.
6.9.1 Ionization
Following the description of Ahedo et al. in Ref. [21] The ionization frequency is expressed as:
νI = nnRI(Te).
Where RI is the eﬀective ionization rate for electrons. Here we look for an analytical expression
of the ionization rate that correctly reproduces its dependance on the electron temperature. Since
the electron motion is diﬀusive and veriﬁes that their drift velocity is much smaller than their
thermal velocity, the electron distribution function can be assumed locally Maxwellian.
fe(Ee) =
(
me
2pikTe
)3/2
exp
(
− Ee
kTe
)
(6.34)
where Eeis the single electron's kinetic energy
1
2mev
2
Then the ionization rate can be written as:
RI(Te) =
8pi
m2e
ˆ ∞
0
σI(Ee)EefedEe (6.35)
Where σI(Ee)is the ionization cross-section.
That from semiempirical models assumes the general form of
σI(Ee) = σI0
[
1− exp
(
Ee
ΣI
− 1
)]
(6.36)
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Represented for Xenon in Figure 6.6.
Where ΣI is the primary ionization energy of the propellant. and σI0 is an empirical constant
(also depending on the propellant, for Xenon is 5 × 10−20m2). This expression for σi is a good
approximation for electron energies Ue up to 100 eV, which is in the range of interest of Hall
thrusters.
Substituting the expressions for fe and σI in the formula for RI the ionization rate becomes
RI = σ¯I c¯e (6.37)
σ¯I = σI0
(
1 +
kTeΣI
(kTe + ΣI)
2
)
exp
(
− ΣI
kTe
)
(6.38)
where c¯e =
√
8kTe
pime
is the average electrons thermal velocity.
Figure 6.6: Individual ionization cross section (σI) and collective ionization cross section (σ¯I) for Xenon,
where asterisk and circles are experimental values taken from Ref. [24, 25] respectively, while the dashed
line for σ¯I corresponds to the integration of the experimental points. while the solid lines coresond to the
analytical ﬁttings described
This ﬁtting is reasonably in agreement with the experimental results, very well around Te =
40eV and still very good up to 100 eV.
While higher order models can be used. that produce an even better agreement with the exper-
imental results, it would be a waste of resources and a useless increase of complexity, while this
ﬁrst order model perfectly ﬁts the level of accuracy and simpliﬁcation that we want to obtain
with this model.
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6.9.2 Wall interaction
For what concerns the radial behavior of the plasma we already discussed that two source terms
where added in the axial 1D equations, one concerning the loss of particles through the plasma
edge of the sheath (which eﬀect is comprised in an eﬀective wall frequency νw) and the other one
representing the energy lost through the lateral surfaces of the domain (through an energy wall
frequency νwe).
6.9.2.1 Particle loss
Here we have to account for both the particle ﬂux through the lateral boundaries of the domain
induced by the radial acceleration of the plasma parallel to the magnetic ﬁeld lines (induced by
the wall sheath), and also for the ﬂux induced by the axial velocity of the plasma that produces
a net ﬂux through the wall if a ﬁnite inclination of the wall with respect to the thruster axis ϕ is
present.
Both of the eﬀects can be accounted for if the general model presented in Section 4.4 is used,
properly modiﬁed to include SEE. The particle ﬂux to the wall is simply Γw = n0uio⊥with n0
the density of the plasma at the plasma edge of the sheath and uio⊥the component of velocity
orthogonal to the wall computed at the plasma edge of the sheath, function of both the local
electron temperature and centerline axial velocity (part of the solution).
Nevertheless, considering that we are dealing with current state of the art thrusters, in which we
expect the inclination of the magnetic ﬁeld lines with respect to the wall to be very small, we can
study the limit of that model for very low inclination angles, that basically implies that we deal
with standard (Bohm like) sheaths, in which the axial velocity has no direct eﬀect. Basically
we neglect the wall ﬂux induced by the axial ﬂow with respect to the one induced by the radial
acceleration due to the sheath.
With this approximation a simpler model, the one described in Section 4.3.1.2, can be used.
In this case the ﬂux of ions at the plasma edge of the sheath can be computed as the ﬂux of
electrons at the wall, due to the zero net current condition through the sheath and the particle
continuity (due to the absence of particle generation in the sheath).
Recalling the previously discussed results the total ion particle ﬂux to the lateral wall is
Γiw = (niui)w Sw = Γew (1− γ) =
1
4
ne0 (1− γ)
(
8kTe
pime
) 1
2
exp
(
eφw
kTe
)
Sw (6.39)
where ne0 is the primary electron density at the plasma edge of the sheath, Sw is the lateral
surface of the elementary volume and φw is the total potential fall inside the sheath, that can be
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computed as already explained, and which dependence on Te is represented by the solid line in
Figure 4.7.
Now we want to transform this particle recombination at the lateral boundaries as a volumetric
sink of plasma, to properly account for it in the 1D model.
Deﬁning a wall particle loss frequency νw, we have to impose that: Γiw = nνwAdz where n is
the local cross section-averaged value of the plasma density coming from the 1D model.
Upon substitution one obtains
νw =
1
4
ne0
n
(1− γ)
(
8kTe
pime
) 1
2
exp
(
eφsh
kTe
)
Sw
Adz
(6.40)
if we allow for only small inclination angles cosϕ ≈ 1, being Sw = 2pi (R2 +R1) dzcosϕ and
A = pi
(
R22 −R21
)
we have that SwAdz ≈ 2(R2−R1)
More delicate is the discussion about the value to assign to ne0n . This corresponds to the ra-
tio between the local value of the electron density at the plasma edge of the sheath with the
average value of the plasma density across the whole cross section n = 1(R2−R1)
´ R2
R1
n(r)dr, and
is strictly linked to the plasma behavior in the presheath.
A ﬁrst guess of the value of that ratio can be found recalling the discussion in Section 4.3.2.2 where
we stated that in a ﬁrst simpliﬁed description of the pre sheath n0 = nM exp
(− 12). If we make
the linear average of the two quantities n ≈ n0+nM2 we are able to state that ne0n ≈ n0n ≈ 21+√e .
Finally the expression for νwshould result in
νw =
1
2
1
1 +
√
e
(1− γ)
(
8kTe
pime
) 1
2
exp
(
eφsh
kTe
)
2
(R2 −R1) (6.41)
Unfortunately this description of the wall term, although justiﬁed, is lacking the physical accuracy
that we need for 3 main reasons that can all be lead back to our lack of knowledge about the
exact plasma behavior in the pre-sheath:
 the ratio between n0n computed in that simpliﬁed fashion is not exactly equal to
ne0
n because
there ne0 represents the primary electron density at the plasma edge while n0corresponds
to the total electron density (accounting also for secondary electrons) at the plasma edge
n0 = ne0 + ns0, so that equation is true only if ne0  ns0;
 furthermore, the statement n0 = nM exp
(− 12)is true only if no eﬀect of the ionization on
the electron momentum equation is found in the presheath, that could be not true in all
operation regimes;
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 and lastly the linear approximation n ≈ n0+nM2 is yet again a strong simpliﬁcation, the
actual shape of the density proﬁle will be much diﬀerent from a line;
The uncertainty in the plasma behavior in the radial cross section is too strong to assume as
suﬃciently accurate the given expression and we accounted for all these uncertainties by adding
a correction factor f that takes into account all the eﬀects that we neglected, including the 3
points described above, and also the marginal eﬀect of the axial velocity.
The expression that will be used in the simulations is
νw = f
1
2
1
1 +
√
e
(1− γ)
(
8kTe
pime
) 1
2
exp
(
eφsh
kTe
)
2
(R2 −R1) (6.42)
f was chosen not to be constant but considering that the main diﬀerences from the analyzed
simpliﬁed behavior will be present due to the eﬀect of the ionization in the radial cross section,
that changes the proﬁle of n from the centerline to the plasma edge of the sheath, a linear
dependence of f upon the value of the neutral particle density at the anode was prescribed
f(nn(0)).
Where the actual dependence is to be ﬁxed by existing experimental data.
It is clear how a more physical dependence should be on the local ionization rate νIthat, as
presented in the previous section, is a function of both the local neutral density and the local
temperature.
This approach is discussed by the presheath model of Barral et al. in Ref. [17], the result would
complicate the dependence of the wall terms on the local solution, stiﬀening the mathematical
numerical complexity. Moreover we expect f to be very close to one, therefore in the end a
simpliﬁed description that allows for a greater elasticity was chosen of keeping the dependence of
f only on the neutral density at the anode, that is an indication of the overall relevance of the
ionization through the channel, and linearly ﬁtting it over experimental data.
6.9.2.2 Energy loss
As brieﬂy described in the analysis of the governing equation concerning the electron energy, this
term needs to account for ﬁve diﬀerent contributions:
1. the energy ﬂux through the lateral boundaries induced by the ﬂux of particles, that bring
along their internal energy, induced by the acceleration parallel to the magnetic ﬁeld lines;
2. the energy ﬂux through the lateral boundaries induced by the ﬂux of particles, that bring
alone their internal energy, induced by the component of the axial ﬂux orthogonal to the
wall, that exists if a ﬁnite inclination angle ϕis present;
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3. the pulsion work of the electron pressure over the velocity parallel to the magnetic ﬁeld
lines through the lateral boundaries;
4. the pulsion work of the electron pressure over the axial velocity through the lateral bound-
aries, if a ﬁnite ϕ is present;
5. the work made by the radial electric ﬁeld over the radial acceleration of the electrons;
in principle this should also account for the heat exchange through the wall boundaries, but as
stated we will neglect heat conduction, considering an adiabatic plasma, therefore also neglecting
this contribution.
As a ﬁrst approximation we will assume the presence of a small angle ϕ, thus neglecting all the
axial ﬂux interaction with the lateral boundaries (contributions number 2 and 4), furthermore,
considering that we assume negligible the radial electric ﬁeld with respect to the axial one, we
will neglect also the work of the radial electric ﬁeld (contribution number 3).
What is left to evaluate is the contribution to the power losses induced at the plasma edge of the
sheath by the internal energy transport of the radially outgoing electrons and the pulsion work
over this same population of electrons.
Extracting from the kinetic description of the electrons in Ref. [10] Goebel et al. state that the
total power lost to the wall by the electrons is equal to
Pew =
1
4
ne0e
(
8kTe
pime
) 1
2
exp
(
eφsh
kTe
)
Sw
(
2
kTe
e
)
(6.43)
as being part of a kinetic description this should already account for all the contributions yet to
discuss, but we have to observe two issues:
 this formula can be easily recognized as similar to a particle ﬂux (from previous section)
in which the secondary electron emission is neglected, multiplied by a thermal energy.
the absence of the SEE is justiﬁed by the fact that we assume the energy of the emitted
electrons to be very low and not inﬂuential on the energy loss, while the thermal energy
coeﬃcient, encompasses both the internal energy transport and the pulsion work;
 this formula represents the power loss at the wall while our domain reaches only the plasma
edge of the sheath;
The diﬀerence between the electron power at the wall and the one at the plasma edge will be
exactly equal to the work of the electric ﬁeld on the electrons inside the sheath. On turn this will
be equal to the increase of kinetic energy of the ions from the plasma edge of the sheath to the
wall, that is a fraction of the ion energy deposited to the wall. as is stated by Goebel et al. in Ref.
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[10] the ion power deposited to the wall is less than electron's and becomes completely negligible
if the SEE brings the sheath near charge saturation conditions. in the end this discussion leads
to the belief that the electron's power that leaves the plasma edge of the sheath is very close to
the electron's power deposited to the wall and, in ﬁrst approximation, we will assume that it is
exactly equal to Pwe previously formulated.
In order to translate it in a volumetric power sink to ﬁt our monodimensional description, fol-
lowing the same procedure as for the particle loss
nkTeνweAdz =
1
4
ne0e
(
8kTe
pime
) 1
2
exp
(
eφsh
kTe
)
Sw
(
2
kTe
e
)
(6.44)
and therefore
νwe =
1
2
ne0
n
(
8kTe
pime
) 1
2
exp
(
eφsh
kTe
)
Sw
Adz
(6.45)
with the same reasoning and level of approximation of the previous case we can state
ne0
n ≈ 21+√e and SwAdz ≈ 2(R2−R1)
fSo the analytical dependence should be
νwe =
1
1 +
√
e
(
8kTe
pime
) 1
2
exp
(
eφsh
kTe
)
2
(R2 −R1) (6.46)
but again, allowing for a level of uncertainty on the actual radial behavior, the same correction
factor f(nn(0))used in the particle loss description, with the same semiempirical dependence on
the neutral particle density is prescribed. the ﬁnal expression for νwe that we used is
νwe = f
1
1 +
√
e
(
8kTe
pime
) 1
2
exp
(
eφsh
kTe
)
2
(R2 −R1) (6.47)
6.9.3 Electron collisionality
The overall collision frequency of electrons is a term that in principle should take into account 4
elements:
1. electron-ion collisionality, that interact through coulomb collisions;
2. electron-neutral collisionality;
3. electron-wall collisionality;
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4. eﬀects of turbulent electron diﬀusion, accounted for with an anomalous collisionality;
νe = (νen + νei) + νano + νew (6.48)
where the ﬁrst two elements account for classical collisionality but are unable, alone to accurately
predict the actual electron collisionality and the experimentally observed Hall parameter in the
channel. Thus two other terms are added, one, the anomalous collisionality, that expresses the
eﬀect on the axial electron drift of the presence of unsteady modes in the thruster channel, that
have a net eﬀect on the electron's average axial motion. While the other term νew accounts for
the electron collisionality to the wall.
Following Ahedo et al. in Ref. [26] we assume that on typical thruster conditions Coulomb
collisions (contribution 1) appear to be unimportant; thus they will be neglected here.
6.9.3.1 Electronneutral collision frequency
Can be expressed as:
νen = nnσenc¯e (6.49)
where c¯e =
√
8kTe
pime
is the mean electrons thermal velocity, and σen is the electron-neutral
collision cross section, function of the electron temperature. From Ref. [21] we have for Xenon
the semiempirical formula for the dependence of σen on Te:
σen = 6.6 · 10−19
[
kTe
4 − 0.1
1 +
(
kTe
4
)1.6
]
(6.50)
Considering that the expected range of electron temperatures in the channel is between 0 and 30
eV it falls around the function maximum and the cross section can be considered almost constant.
For the aim of this model therefore an average, constant value for the cross section of
σen w 27 · 10−20m2 will be used (as in Ref. [26]).
Classical collisions between electrons and heavy particles can't justify the experimentally ob-
served large value of νe therefore wall collisionality and turbulent (anomalous) diﬀusion has been
proposed as two possible mechanisms to explain such a large axial electron mobility (Ref. [27])
6.9.3.2 Wall collisionality
When electrons hit the wall secondary electrons emission takes place, as discussed by Morozov in
Ref. [27] it is known that the electrons emitted present a guiding center that moved towards the
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anode with respect to the one of the incident primary electrons.
The result is that the plasma wall interaction, and in particular the secondary electrons emitted
by the wall, increases the near-wall conductivity, resulting in an eﬀect exactly equal to an increase
in the average electron collisionality, thus the deﬁnition of νew.
Now observing that, due to the sheath analysis with SEE, Γiw = (1− γ) Γew = (1−γ)γ Γsw what
we are interested in is the ingoing ﬂux of secondary electrons therefore Γsw =
γ
1−γΓiw, now
considering that νw is the frequency of plasma loss at the wall that is the frequency that accounts
for Γiw if we assume that νew is the analogue frequency about the ﬂux of incoming secondary
electrons we can assume that
νew =
γ
1− γ νw (6.51)
This expression for the near wall collisionality, here just qualitatively derived, can be found after
much deeper discussion in Ref. [26], and will be used as the reference expression for the wall
collisionality for the electrons
6.9.3.3 Anomalous collisionality
Janes and Lowder [28] where the ﬁrst to demonstrate that a correlation between electric ﬁeld
and density ﬂuctuations produces an anomalous diﬀusion through adiabatic E × B drifts of the
electrons. Later experiments have supported a relevant role of this turbulent diﬀusion in the axial
transport of electrons.
In HET simulation this anomalous, turbulent, Bohm like diﬀusion is typically accounted for
with a contribution to the total electron collisionality that adds axial mobility to the electrons
νano. Finding a physically grounded expression for this collisionality is no easy task due to the
unsteady, oscillatory basic principle, that very much depends on the operational conditions and
on the speciﬁc thruster.
The typically accepted expression (as used in Ref. [26, 29]) is for the νano to be directly pro-
portional to the electron's local cyclotron frequency by means of an anomalous coeﬃcient αB ,
so:
νano = αBωe (6.52)
where in general αB is a parameter that depends on the speciﬁc thruster and its operational
condition, in particular we assumed in the analysis αB to be a semiempirical parameter to be
ﬁt with experimental data, which inverse linearly depends on the operational discharge voltage
applied to the thruster.
Even though we acknowledge that this is just a phenomenological description of the anomalous
6.10. PLUME MODELIZATION 111
diﬀusion, further analytical study of the oscillatory nature would immensely complicate the anal-
ysis while not allowing for closed form results because no complete theory for turbulent diﬀusion
exists at the time of writing of this document.
6.10 Plume modelization
When the plasma exits the channel, in the region of the domain that spans between z = Lchand
z = Lcat, it is not bounded anymore by the channel walls and is therefore free to expand. Diﬀusing
laterally the plasma originates the thruster Plume, whose edge represents the boundaries of our
domain of analysis in this model (see Figure 6.7).
Figure 6.7: Plume schematic representation
For the actual shape of the plume we assume that the gas expands radially with the local
value of Bohm's speed, describing a diﬀusive process.
Therefore, the value of the local plume divergence angle tangent is
tanϕ =
uB
ui
=
1
ui
√
kTe
mi
(6.53)
So the values of the domain boundaries radii R1and R2 can be calculated, from the thruster exit
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on, as (assuming a symmetric plume shape)R1(z) = R1(z=Lch) −
´ z
Lch
1
ui
√
kTe
mi
dz
R2(z) = R2(z=Lch) +
´ z
Lch
1
ui
√
kTe
mi
dz
(6.54)
where the plume area preserves the expression A = pi
(
R22 −R21
)
.
Furthermore, also the wall terms where modiﬁed outside of the channel: considering that the
plasma near the front wall of the thruster is extremely rareﬁed, it is safe to assume a very low
ﬂux of plasma to the wall in that regions. If we assume the region between the front wall and
the plume edge to be a low velocity recirculation region, we can simply shift, due to the particle
conservation, the ﬂux of particles across the front wall to the ﬂux of particles that crosses the
edge of the plume.
Consequently we decided to rapidly put to zero the wall eﬀects for z > Lch.
For what concerns the far plume, identiﬁed as the region further than the cathode position,
we assume the neutralization of the plasma to happen completely at the cathode section, there-
fore the behavior of the neutral gas in the far plume becomes irrelevant for the calculation of the
thruster performance.
Chapter 7
1D Magnetic Model of a HET
Channel With Real 2D Magnetic
Field
7.1 Relevance of a magnetic model
As discussed in Chapter 3 the research on Hall eﬀect thrusters is moving towards non standard
conﬁgurations. In particular the new concept of magnetic shielding needs to be further studied.
While the 1D model presented in the preceding chapter is very eﬀective in predicting the thruster
behavior when the thruster under analysis has a traditional magnetic ﬁeld topology, it can't
be used to study thrusters in which diﬀerent magnetic ﬁeld topologies, also with strong axial
components, are present.
As an example, Alta's modiﬁed design and magnetic ﬁeld for the HT-5k that should allow for a
correct application of the magnetic shielding concept is presented in Figure 7.1
This chapter presents a more general one-dimensional model of a Hall eﬀect thruster channel
and near plume, that allows for a general, completely 2D magnetic ﬁeld input and that is capable
of giving a theoretical framework with which:
 a more physically accurate description of standard HETs can be achieved (releasing the
forcing hypothesis of radial magnetic ﬁeld);
 also non-standard magnetic ﬁeld topologies can be studied, allowing for the evaluation of
the beneﬁts and the drawbacks of diﬀerent concepts such as the magnetic shielding;
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Figure 7.1: Magnetically shielded HET magnetic ﬁeld topology (Modiﬁed Alta's HT-5k)
7.2 General assumptions
The idea is to present a 1D model of the channel of an Hall eﬀect thruster that reﬂects the main
physical features of the device and is able to produce good results with arbitrary input magnetic
ﬁeld topologies.
In order to do so, we considered the strong anisotropy of the plasma properties induced by the
magnetic ﬁeld: along magnetic ﬁeld lines the motion of electrons is unimpeded, therefore they
rapidly tend to become isothermal, furthermore as discussed in Chapter 3, if the temperature
is relatively low the magnetic lines of force tend to become isopotential lines and therefore the
electric ﬁeld tends to become orthogonal to them, so ions (that are electrostatically accelerated
by the electric ﬁeld) will tend to have their velocity oriented more or less orthogonally to the
magnetic ﬁeld.
So we decided to study a 1D model in which the variations of the scalar plasma properties and
the only relevant component of the vectorial plasma properties were orthogonal to the magnetic
ﬁeld lines (except for the azimuthal electron drift) and we believe that this condition is the
more physically accurate that one can use to study in a 1D simpliﬁed fashion a generic HET
conﬁguration.
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Therefore a new set of spacial coordinates was devised, more suited for the aim of our analysis:
instead of using the classical natural space coordinates [axial (z), radial (r), azimuthal (θ)], we
resolved in using magnetic coordinates [perpendicular (λ), parallel (μ), azimuthal (θ)], in this
way, in our opinion, a one-dimensional model in which the perpendicular component is considered
as dominant, is much more physically grounded, considering the plasma behaviour, in order to
study unusual magnetic ﬁeld conﬁgurations with respect to a classical 1D axial model.
The basic hypothesis of the model are
 stationary ∂∂t = 0, therefore the electric ﬁeld is conservative
~E = −∇φ;
 quasi 1-D ∂∂θ ,
∂
∂µ  ∂∂λ that means that all the functions are only functions of the variableλand
the derivatives are therefore total derivatives;
 ~ui = uieˆλ;
 ~ue = ueλeˆλ + ueθ eˆθ;
 ~un = uneˆz neutral motion is not inﬂuenced by the magnetic ﬁeld;
 quasi-neutral ni = ne , n (this means that we exclude the sheaths from the domain);
 only singly charged ions are considered;
 the magnetic ﬁeld generated by the currents ﬂowing in the plasma is negligible w.r.t. the
externally generated one;
 the magnetic ﬁeld is assigned and axisimmetric, but a general 2D topology is allowed ~B =
Br(r,z)eˆr +Bz(r,z)eˆz;
7.3 Magnetic coordinates
We deﬁne the new set of coordinates, starting from the Maxwell equations satisfying the previous
assumptions 
∇ · −→B = 0 =⇒ ∃λ : ∇λ⊥−→B ⇒
 ∂λ∂z
∂λ
∂r
 =
 rBr
−rBz

∇×−→B = 0 =⇒ ∃µ : ∇µ‖−→B ⇒
 ∂µ∂z
∂µ
∂r
 =
 Bz
Br

(7.1)
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with this deﬁnition, using basic geometry one can obtain the diﬀerential expression for surface
and volume elements in the new coordinate system:dSµθ = rBdθdµdV = 1B2 dλdµdθ (7.2)
Figure 7.2: HET General scheme, with magnetic coordinates
the chosen reference points for the coordinates are
 λ = 0 at the magnetic line tangent to the anode, λ = Λ at the magnetic line touching the
cathode;
 µ = 0 at the channel centerline, µ = µ1, µ2 at the inner and outer edges of the domain;
7.3.1 Magnetic ﬁeld analysis
As an example of the procedure needed to accurately deﬁne the magnetic coordinates and the
transformation that links them to the physical ones, I propose the deﬁnition of the magnetic
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coordinates for the nominal operation mode of Alta's HT-5k.
The ﬁrst step is a proper deﬁnition of the magnetic ﬁeld topology. In this example the data
regarding the magnetic ﬁeld produced inside the channel and in the near ﬁeld of the HT-5k were
simulated, the results are plotted in Figures 7.3-7.4.
Figure 7.3: 2D plot of the radial component (in Tesla) of the magnetic ﬁeld (dimensions expressed in
meters) during nominal operation of the HT-5k
Figure 7.4: 2D plot of the axial component (in Tesla) of the magnetic ﬁeld (dimensions expressed in
meters) during nominal operation of the HT-5k
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Diﬀerent things can be evinced from these data.
 observe the big area that was sampled also outside of the thruster, of course our domain of
integration will be much smaller and bounded by the plume edge and the cathode position,
nevertheless for the deﬁnition of the magnetic coordinates also a larger domain can be used
that will be truncated in the following;
 the two regions near the frontal wall next to the channel where strong magnetic ﬁelds arise
are evident, this is due to the fact that those regions are close to the solenoids that generate
the magnetic ﬁeld and therefore the intensity there increases, nevertheless they will be
outside our ﬁnal domain of integration;
 both radial and axial component appear relevant even if at the exit section the axial com-
ponent is close to zero;
 if we sample just the radial magnetic ﬁeld component along the channel centerline, we
obtain exactly the set of data on the magnetic ﬁeld that we used for the simulations of the
HT-5k behavior with the ideal radial magnetic ﬁeld model (Figure 7.5);
Figure 7.5: Radial magnetic ﬁeld intensity along the channel centerline
With all the data about the magnetic ﬁeld topology and intensity Br(r,z)and Bz(r,z) we are in
the position to deﬁne the transformations between physical spacial coordinates [r, z] and magnetic
coordinates [λ, µ]
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7.3.2 Change of coordinates deﬁnition
The idea is that a generic magnetic ﬁeld needs to satisfy stationary Maxwell's equations in which
the magnetic ﬁeld generated by the currents ﬂowing in the plasma is neglected so:∇ · ~B = 0∇× ~B = 0 (7.3)
Orthogonal coordinate λ
Consider the divergence equation.
It implies that ∃ ~A such that ~B = ∇ × ~A using the axisimmetry of the problem and also that
Bθ = 0 we obtain ~A = λ∇θ therefore ~B = ∇λ×∇θ. This implies that being the magnetic ﬁeld
solenoidal it is always possible to deﬁne a current function that we call λ which gradient is
always orthogonal to the local magnetic ﬁeld. so(
∂λ
∂z
∂λ
∂r
)
=
(
rBr
−rBz
)
(7.4)
(observe how λ has not the units of a length)
Now, if we substitute back ~B = ∇λ×∇θ into the equation for the magnetic ﬁeld rotor ∇× ~B = 0
upon some diﬀerential calculation what we are left with is that the orthogonal magnetic coordinate
λ needs to satisfy a Laplace equation on the domain
∇2λ = 0 (7.5)
That can be solved as a complete diﬀerential problem by coupling it with Neumann boundary
conditions, directly assigning the derivatives orthogonal to the domain edges at the boundaries
or with Dirichlet ones by previous integration of the derivative parallel to the domain boundary.
Considering the extended domain presented in Figures 7.3-7.4 we observe how the boundaries
normals are all z or r oriented and therefore knowing the magnetic ﬁeld intensity over the bound-
aries both Neumann and Dirichlet BCs can be simply imposed knowing the magnetic ﬁeld, from
Equation 7.4.
By solution of this diﬀerential problem the complete transformation λ(r,z) is obtained, unique up
to an additive constant which value is ﬁxed by putting λ = 0 for the magnetic ﬁeld that comes
tangent to the anode (that necessarily exists being the anode metallic). Now for each point in
the channel and near plume the corresponding value of the orthogonal magnetic ﬁeld coordinate
is obtained; in particular we generically call Λ the value of λ for the magnetic ﬁeld line that ﬁrst
touches the cathode.
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Parallel coordinate µ
Consider now the equation for the rotor of the magnetic ﬁeld ∇× ~B = 0. Being the magnetic
ﬁeld, under the discussed hypothesis, irrotational and deﬁned over a simply connected domain
there exists a magnetic potential µ such that ~B = ∇µ.
Therefore, µis a function which gradient is always locally parallel to the magnetic ﬁeld line(
∂µ
∂z
∂µ
∂r
)
=
(
Bz
Br
)
(7.6)
substituting this into the divergence Maxwell equation ∇ · ~B = 0 we are left with again with
the conclusion that also the magnetic potential, or magnetic parallel coordinate µ must satisfy a
Laplace equation:
∇2µ = 0 (7.7)
In the same way as for the orthogonal coordinate we can couple this with Neumann or Dirichlet
boundary conditions given by the knowledge of the magnetic ﬁeld over all the boundaries of the
domain.
Solving the diﬀerential problem we can therefore obtain the transformation µ(r,z) for each point
in the integration domain.
Upon integration of the two Laplace equations we completely deﬁned the transformation of co-
ordinates
(r, z) −→ (λ, µ) (7.8)
for each point in the integration domain, so the complete new coordinate system is deﬁned, which
versor are deﬁned as eˆλ = Br eˆz−Bz eˆrBeˆµ = Br eˆr+Bz eˆzB (7.9)
and we can freely exchange between physical and magnetic coordinates.
We are now in the position to use the magnetic coordinates for the integration of the equations
in magnetic form, in particular assuming the behavior of the plasma dominant in the orthogonal
λ direction.
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7.4 Model equations
Figure 7.6: Magnetic 1D model control volume
Just as in the case of the previous model we
extracted the equations for the plasma and
neutral motions simply applying the integral
form of the conservation principles of parti-
cles, momentum and energy to the 3 species of
ions, electrons and neutrals on a elementary
volume bounded by two successive (distant
only an inﬁnitesimal dλ) magnetic ﬁeld lines,
as schematically drawn in Figure 7.6.
in order to do so we must deﬁne two quantities
that are the surface of a magnetic ﬁeld line of
interest at a certain λ and the corresponding
elementary volume, that will be used extensively in the followingS(λ) = 2pi
´ µ2
µ1
r
Bdµ
V(λ) = 2pidλ
´ µ2
µ1
1
B2 dµ
(7.10)
furthermore with the discussed assumptions E = −∇φ = −rB ∂φ∂λ
In the following sections I'll show the derivation of such governing equations.
7.5 Ions
We analyze the ions motion with the same assumptions of the previous radial case
7.5.1 Ions continuity equation
The continuity equation for the ions writes:
D
Dt
ˆ
V
ndV =
ˆ
V
nνIdV +
ˆ
V
nνwdV (7.11)
being the problem stationary the left term only traduces to the ﬂux term
ˆ
∂V
n~ui · ~dS =
ˆ
V
nνIdV −
ˆ
V
nνwdV (7.12)
The particle ﬂux is now comprised of 2 parts the ﬂux across the surfaces S(λ), S(λ+dλ)while the
ﬂux across Sw,the lateral wall surface is again part of the wall interaction term
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ˆ
S(λ)
n~ui · ~dS +
ˆ
S(λ+dλ)
n~ui · ~dS =
ˆ
V
nνIdV −
ˆ
V
nνwdV (7.13)
let's study each term separately, this time considering that ~ui = uieˆλ and ~dS = dSeˆλ

´
S(λ)
n~ui · ~dS +
´
S(λ+dλ)
n~ui · ~dS = ddλ (nuiS)dλ

´
V
nνIdV = nνIV
 − ´
V
nνwdV = −nνwV
bringing the wall term to the right the equation assumes the form
d
dλ
(nuiS) dλ = n(νI − νw)V (7.14)
This expression is analogue to the one obtained for the ideal case, but the diﬀerence is in the
deﬁnition of the geometry terms S = 2pi
´ µ2
µ1
r
Bdµ
V = 2pidλ
´ µ2
µ1
1
B2 dµ
(7.15)
dividing by dλ in the end the continuity equation takes the form:
d
dλ
[
nui
(
2pi
ˆ µ2
µ1
r
B
dµ
)]
= n(νI − νw)
(
2pi
ˆ µ2
µ1
1
B2
dµ
)
(7.16)
calling S = 2pi
´ µ2
µ1
r
Bdµ
V˙ = Vdλ = 2pi
´ µ2
µ1
1
B2 dµ
(7.17)
we obtain
d
dλ
(nuiS) = n(νI − νw)V˙ (7.18)
Observe that the expression is extremely similar to the one of the previous model, except for the
geometry terms that take into account the actual magnetic ﬁeld topology.
7.5.2 Ions momentum equation
The general form of the vectorial momentum conservation equation with the assumptions regard-
ing the ions takes the form
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D
Dt
ˆ
V
min~uidV =
ˆ
V
ne~EdV +
ˆ
V
minνI ~undV +
ˆ
V
~˙QwidV (7.19)
and again
ˆ
S(λ)
min~ui(~ui · ~dS) +
ˆ
S(λ+dλ)
min~ui(~ui · ~dS) +
ˆ
Sw
min~ui(~ui · ~dS) = (7.20)
ˆ
V
ne~EdV +
ˆ
V
minνI ~undV −
ˆ
V
minνw ~uidV
let's now consider one term at a time observing that eˆλis not constant over the surfaces

´
S(λ)
min~ui(~ui · ~dS) +
´
S(λ+dλ)
min~ui(~ui · ~dS) = ddλ
[
minu
2
i
(´
S
eˆλdS
)]
dλ

´
V
ne~EdV = −nedφdλ
´
V
rBeˆλdV

´
V
minνI ~undV = minνIuneˆzV
 − ´
V
minνw ~uidV = −minνwui
´
V
eˆλdV
so the equation in vectorial form writes
d
dλ
[
minu
2
i
(ˆ
S
eˆλdS
)]
dλ = −nedφ
dλ
ˆ
V
rBeˆλdV + (7.21)
min
(
νIuneˆzV − νwui
ˆ
V
eˆλdV
)
This vectorial equation must be projected along a speciﬁc direction, observe that the
´
S
eˆλdS
and
´
V
eˆλdV are all parallel to eˆz being the problem axisimmetric.
Thus, in order to obtain the needed scalar equation the most rational possibility is to take the z
component of the equation as in the following:
d
dλ
[
minu
2
i
(ˆ
S
eˆλ · eˆzdS
)]
dλ = −nedφ
dλ
ˆ
V
rBeˆλ · eˆzdV + (7.22)
min
(
νIunV − νwui
ˆ
V
eˆλ · eˆzdV
)
expressing the geometry terms
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
´
S
eˆλ · eˆzdS = 2pi
´ µ2
µ1
r(eˆλ·eˆz)
B dµ
V = 2pidλ
´ µ2
µ1
1
B2 dµ´
V
rBeˆλ · eˆzdV = 2pidλ
´ µ2
µ1
r(eˆλ·eˆz)
B dµ´
V
eˆλ · eˆzdV = 2pidλ
´ µ2
µ1
eˆλ·eˆz
B2 dµ
(7.23)
Finally the ions momentum equation obtains the form (dividing by dλ)
d
dλ
[
minu
2
i
(
2pi
ˆ µ2
µ1
r (eˆλ · eˆz)
B
dµ
)]
= −nedφ
dλ
(
2pi
ˆ µ2
µ1
r (eˆλ · eˆz)
B
dµ
)
(7.24)
+min
[
νIun
(
2pi
ˆ µ2
µ1
1
B2
dµ
)
− νwui
(
2pi
ˆ µ2
µ1
eˆλ · eˆz
B2
dµ
)]
deﬁning 
S˜ = 2pi
´ µ2
µ1
r(eˆλ·eˆz)
B dµ
V˙ = 2pi
´ µ2
µ1
1
B2 dµ
˙˜
V = 2pi
´ µ2
µ1
eˆλ·eˆz
B2 dµ
(7.25)
The ﬁnal expression for the ion momentum equation is
d
dλ
[
minu
2
i S˜
]
= −nedφ
dλ
S˜ +min
[
νIunV˙ − νwui ˙˜V
]
(7.26)
Again the only diﬀerence with respect to the radial case is the deﬁnition of the various geometry
terms that now are not all equal to A but each of them diversiﬁcates due to the generalization
to an arbitrary magnetic ﬁeld topology.
7.5.3 Ions internal energy equation
Ions are simply assumed as cold
Ti ≈ 0, (7.27)
7.6 Electrons
The same hypothesis of Section 6.5 are considered in this dissertation
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7.6.1 Electrons continuity equation
electron continuity writes:
D
Dt
ˆ
V
ndV =
ˆ
V
N˙IedV +
ˆ
V
N˙wedV (7.28)
The left hand side can be written as:
D
Dt
ˆ
V
ndV =
ˆ
S(λ)
n ~ue · ~dS +
ˆ
S(λ+dλ)
n ~ue · ~dS (7.29)
in the conventional way each term of the left side takes the form:
´
S(λ)
n ~ue · ~dS +
´
S(λ+dλ)
n ~ue · ~dS =
´
S(λ)
nueλdS +
´
S(λ+dλ)
nueλdS
´
S(λ)
nueλdS +
´
S(λ+dλ)
nueλdS = (nueλS) bλ+ (nueλS) bλ+dλ= ddλ [nueλS] dλ
Where S = 2pi
´ µ2
µ1
r
Bdµ .
The right hand side of the continuity equation writes
´
V
N˙IedV +
´
V
N˙wedV =
´
V
(νi − νw)ndV = (νi − νw)n
´
V
dV = 2pin (νi − νw)V
Where V = 2pidλ
´ µ2
µ1
dµ
B2
Finally the electron continuity writes.
d
dλ
[
nueλ
(
2pi
ˆ µ2
µ1
r
B
dµ
)]
= n(νI − νw)
(
2pi
ˆ µ2
µ1
1
B2
dµ
)
(7.30)
deﬁning once again S = 2pi
´ µ2
µ1
r
Bdµ
V˙ = 2pi
´ µ2
µ1
1
B2 dµ
(7.31)
one obtains
d
dλ
(nueλS) = n(νI − νw)V˙ (7.32)
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7.6.2 Electrons momentum equation
Under the assumptions made the electron momentum equation writes:
0 = −
ˆ
V
ne~EdV−
ˆ
V
en( ~ue∧ ~B)dV−
ˆ
S(λ)
Pe ~dS−
ˆ
S(λ+dλ)
Pe ~dS−
ˆ
Sw1+Sw2
Pe ~dS−
ˆ
V
menνe ~uedV
(7.33)
in order to obtain the azimuthal equation we'll have again to use a diﬀerential formulation.
Now we analyze the various terms of the right hand side of the momentum equation:
 − ´
v
ne~EdV =
´
v
nerB dφdλ eˆλdV = ne
dφ
dλ
´
V
rBeˆλdV .
 − ´
V
en( ~ue ∧ ~B)dV =
´
V
neueθBeˆλdV −
´
V
neueλBeˆθdV
The two terms write:

´
V
neueλBeˆθdV =
´ λ+dλ
λ
[´ µ2
µ1
(´ 2pi
0
neueλBeˆθdθ
)
dµ
]
dλ =´ λ+dλ
λ
[´ µ2
µ1
neueλB
(´ 2pi
0
eˆθdθ
)
dµ
]
dλ = 0

´
V
neueθBeˆλdV = neueθ
´
V
BeˆλdV .
So
− ´
V
en( ~ue ∧ ~B)dV = neueθ
´
V
BeˆλdV
 − ´
S(λ)
Pe ~dS −
´
S(λ+dλ)
Pe ~dS
The two terms write:
 − ´
S(λ)
Pe ~dS =
´
S(λ)
PeeˆλdS =
(
nkTe2pi
´ µ2
µ1
reˆλ
B dµ
)
bλ
 − ´
S(λ)
Pe ~dS = −
´
S(λ)
PeeˆλdS = −
(
nkTe2pi
´ µ2
µ1
reˆλ
B dµ
)
bλ+dλ
So − ´
S(λ)
Pe ~dS −
´
S(λ+dλ)
Pe ~dS = − ddλ
[
nkTe
(
2pi
´ µ2
µ1
reˆλ
B dµ
)]
dλ
 − ´
Sw1+Sw2
Pe ~dS = −
´
Sw1
Pe ~dS −
´
Sw2
Pe ~dS
Noting that Pe = Pe(λ), Sw1 and Sw2 are two surfaces comprised between the two co-
ordinate lines at λ and λ+ dλ, for these reasons we can consider Pe constant over Sw1 and
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Sw2.
− ´
Sw1+Sw2
Pe ~dS = −Pe
´
Sw1
eˆndS − Pe
´
Sw2
eˆndS
Now over Sw2 the surface normal versor is eˆn = enz eˆz + enr eˆr = − sinα2eˆz + cosα2eˆr
where α2 is the angle between the external wall and the truster axis.
´
Sw2
eˆn·d~S = − sinα2
´
Sw2
eˆz· ~dS+cosα2
´
Sw2
eˆr· ~dS = − sinα2 2piR2dz2cosα2 eˆz = −2piR2 tanα2dz2eˆz =
−2piR2dR2eˆz (being tanα2dz2 = dR2)
Instead over Sw1 : eˆn = enz eˆz + enr eˆr = − sinα1eˆz − cosα1eˆr
where α1 is the angle between the internal wall and the truster axis.
´
Sw1
eˆn· ~dS = − sinα1
´
Sw1
eˆz· ~dS−cosα1
´
Sw1
eˆr· ~dS = − sinα1 2piR1dz1cosα1 eˆz = −2piR1 tanα1dz1eˆz =
+2piR1dR1eˆz (being (tanα1dz1) = −dR1)
observe that, in general, dR2 6= −dR1 if the magnetic ﬁeld is not symmetrical with re-
spect to the channel centerline.
Calling A1 = piR
2
1 and A2 = piR
2
2 observe that the channel cross section A 6= A2 − A1
in general, because if the magnetic ﬁeld is not symmetrical with respect to the channel
centerline A2 and A1 may be calculated at the same λ but at diﬀerent z.
Thus i call A¯ = A2 − A1and A¯ and A are equal only if no wall chamfer is present and/or
the magnetic ﬁeld and the chamfer are symmetric with respect to the channel centerline
−Pe
´
Sw1
eˆndS − Pe
´
Sw2
eˆndS = Pe2pi (R2dR2 −R1dR1) eˆz = Pe (dA2 − dA1) eˆz = PedA¯eˆz

´
V
menνe ~uedV =((((
((((
´
V
menνeueλ ~eλdV +((((
((((´
V
menνeueθ ~eθdV
For the assumption we made on the high value of the hall parameter the term
´
V
menνeueλeˆλdV
is negligible, while the other term goes to zero due to the azimuthal symmetry just as in
Chapter 6.
The electron momentum equation we have found until now is
ne
dφ
dλ
ˆ
V
rBeˆλdV + neueθ
ˆ
V
BeˆλdV − d
dλ
[
nkTe
(
2pi
ˆ µ2
µ1
reˆλ
B
dµ
)]
dλ+ nkTedA¯ = 0 (7.34)
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Now we need to realize that
´
V
eˆλdV = 2pidλ
´ µ2
µ1
eˆλ
B2 dµ is a function only of λ, that due to
the axisymmetry is also a vector parallel to eˆz and that is a known function once we know the
geometry and ~B. The same considerations are also valid for
´
V
BeˆλdV = 2pidλ
´ µ2
µ1
eˆλ
B d , for
2pidλ
´ µ2
µ1
reˆλ
B dµ. Thus, we can scalar multiply the previous equation by eˆz and obtain the ﬁnal
form of our electron momentum equation.
ne
dφ
dλ
(
2pi
ˆ µ2
µ1
r (eˆλ · eˆz)
B
dµ
)
+ neueθ
(
2pi
ˆ µ2
µ1
eˆλ · eˆz
B
dµ
)
(7.35)
− d
dλ
[
nkTe
(
2pi
ˆ µ2
µ1
r (eˆλ · eˆz)
B
dµ
)]
+nkTe
dA¯
dλ = 0
and thus, calling
S˜ = 2pi
´ µ2
µ1
r(eˆλ·eˆz)
B dµ
H = 2pi
´ µ2
µ1
eˆλ·eˆz
B dµ
˙¯A = dA¯dλ =
dA2
dλ − dA1dλ = 2pi
(
R2 tanα2
dz
dλbµ=µ2+R1 tanα1 dzdλbµ=µ1
) (7.36)
it takes the form
ne
dφ
dλ
S˜ + neueθH − d
dλ
[
nkTeS˜
]
+ nkTe
˙¯A = 0 (7.37)
In this equation appears the variable ueθ, and as we have said previously from an integral ap-
proach we can't derive a momentum equation for the θ direction. An equation for ueθ could
be derived from the θ component of the electrons momentum diﬀerential equation. Neglecting
inertia, considering an azimuthal symmetry, but keeping the eﬀect of electrons-neutrals collisions,
we obtain:
ωeueλ + νeueθ = 0 (7.38)
where ωe is the electron cyclotron frequency.
Substituting the electron azimuthal velocity we ﬁnd
ne
dφ
dλ
S˜ +−meneω
2
e
νe
uezH − d
dλ
[
nkTeS˜
]
+ nkTe
˙¯A = 0 (7.39)
7.6.3 Electrons total energy equation
Under the assumptions made the electron total energy equation writes:
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D
Dt
ˆ
V
nUedV = −
ˆ
∂V
Pe ~ue · ~dS +
ˆ
V
nerB
dφ
dλ
~eλ · ~uedV −
ˆ
∂V
~qe · ~dS +
ˆ
V
E˙IedV +
ˆ
V
E˙wedV
(7.40)
The left hand side can be written as
D
Dt
ˆ
V
nUedV =
ˆ
S(λ)
nUe ~ue · ~dS +
ˆ
S(λ+dλ)
nUe ~ue · ~dS (7.41)
As previously, ﬁrst we analyze the terms in the left hand side:

´
S(λ)
nUe ~ue · ~dS+
´
S(λ+dλ)
nUe ~ue · ~dS = ddλ [nUeueλS] dλ = ddλ
[
3
2nkTeueλ
(
2pi
´ µ2
µ1
r
Bdµ
)]
dλ
(the ﬂux through the lateral boundaries is part of the wall term)
Thus the left hand side becomes:
D
Dt
´
V
nUedV =
d
dλ
[
3
2nkTeueλ
(
2pi
´ µ2
µ1
r
Bdµ
)]
dλ
Now is the turn of the right hand side
 − ´
∂V
Pe ~ue· ~dS = −
´
S(λ)
Pe ~ue· ~dS−
´
S(λ+dλ)
Pe ~ue· ~dS = − ddλ [PeueλS] dλ = − ddλ
[
nkTeueλ
(
2pi
´ µ2
µ1
r
Bdµ
)]
dλ
(the pulsion work through the lateral boundaries is part of the wall term)

´
V
nerB dφdλ eˆλ · ~uedV = neueλ dφdλ2pidλ
´ µ2
µ1
rdµ
B
 − ´
∂V
~qe · ~dS = −
´
S(λ)
~qe · ~dS −
´
S(λ+dλ)
~qe · ~dS = − ddλ
[
qeλ
(
2pi
´ µ2
µ1
r
Bdµ
)]
dλ(the heat
exchange through the lateral boundaries is part of the wall term)

´
V
E˙IedV+
´
V
E˙wedV = − (nνiαiΣi + nνwekTe)
´
V
dV = − (nνIαIEI + nνwekTe) 2pidλ
´ µ2
µ1
dµ
B2
Dividing for dλ and rearranging we ﬁnd:
d
dλ
[(
5
2
nkTeueλ + qeλ
)(
2pi
ˆ µ2
µ1
r
B
dµ
)]
= neueλ
dφ
dλ
(
2pi
ˆ µ2
µ1
rdµ
B
)
(7.42)
−n (νiαiΣi + νwekTe)
(
2pi
ˆ µ2
µ1
dµ
B2
)
recalling S =
(
2pi
´ µ2
µ1
r
Bdµ
)
V˙ =
(
2pi
´ µ2
µ1
dµ
B2
) (7.43)
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in the end
d
dλ
[(
5
2
nkTeueλ + qeλ
)
S
]
= neueλ
dφ
dλ
S − n (νIαIΣI + νweTe) V˙ (7.44)
7.7 Neutrals
For the neutrals the velocity is assumed to be unaﬀected by the magnetic ﬁeld, thus is considered
parallel to eˆz, and again the speciﬁc value of the neutrals velocity is assumed and constant over
the whole domain, just as in the ideal model.
7.7.1 Neutrals continuity equation
The continuity equation for the neutrals writes:
D
Dt
ˆ
V
nndV = −
ˆ
V
nνIdV +
ˆ
V
nνwdV (7.45)
the particle ﬂux is now comprised of two parts: the ﬂuxes across the surfaces S(λ), S(λ+dλ)being
the ﬂux across the lateral boundaries part of the wall recombination term
ˆ
S(λ)
nn ~un · ~dS +
ˆ
S(λ+dλ)
nn ~un · ~dS = −
ˆ
V
nνIdV +
ˆ
V
nνwdV (7.46)
let's study each term separately, considering that ~un = uneˆz and ~dS = dSeˆλ

´
S(λ)
nn ~un · ~dS +
´
S(λ+dλ)
nn ~un · ~dS = ddλ (nnun
´
S
eˆz · eˆλdS)dλ
 − ´
V
nνIdV = −nνIV

´
V
nνwdV = nνwV
the equation takes the form
d
dλ
[
nnun
(ˆ
S
eˆz · eˆλdS
)]
dλ = −n(νI − νw)V (7.47)
expressing the geometry terms
´
S
eˆz · eˆλdS = 2pi
´ µ2
µ1
r(eˆz·eˆλ)
B dµ
V = 2pidλ
´ µ2
µ1
1
B2 dµ
(7.48)
dividing by dλin the end the continuity equation for the neutrals takes the form
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d
dλ
[
nnun
(
2pi
ˆ µ2
µ1
r (eˆz · eˆλ)
B
dµ
)]
= −n(νI − νw)
(
2pi
ˆ µ2
µ1
1
B2
dµ
)
(7.49)
calling S˜ = 2pi
´ µ2
µ1
r(eˆz·eˆλ)
B dµ
V˙ = 2pi
´ µ2
µ1
1
B2 dµ
(7.50)
one obtains
d
dλ
[
nnunS˜
]
= −n(νI − νw)V˙ (7.51)
7.7.2 Neutrals momentum equation
for what concerns the neutral motion following the exact same reasoning of the ideal magnetic
ﬁeld case we assume the velocity proﬁle of the neutral particles along the channel and in the
plume to be uniform across the whole domain and a fraction of the propellant sonic speed at the
anode temperature (Ref. [23])
un =
√
8αkTa
pimi
(7.52)
with α = 0.25 and Tato be semiempirically, linearly linked with the discharge current.
7.7.3 Neutrals Energy equation
there is no need of the use of an energy equation for the neutral gas, since the velocity is assumed,
temperature and pressure become irrelevant.
7.8 Set of equations
In compact form the complete set of equations that describes the problem is

d
dλ (nuiS) = n(νI − νw)V˙
d
dλ (nueλS) = n(νI − νw)V˙
d
dλ
[
nnunS˜
]
= −n(νI − νw)V˙
d
dλ
[
minu
2
i S˜
]
= −nedφdλ S˜ +min
[
νIunV˙ − νwui ˙˜V
]
nedφdλ S˜ +−meneω
2
e
νe
uezH − ddλ
[
nkTeS˜
]
+ nkTe
˙¯A = 0
d
dλ
[(
5
2nkTeueλ +qeλ
)
S
]
= neueλ
dφ
dλS − n (νIαIΣI + νweTe) V˙
(7.53)
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with 
S = 2pi
´ µ2
µ1
r
Bdµ
S˜ = 2pi
´ µ2
µ1
r(eˆz·eˆλ)
B dµ
V˙ = 2pi
´ µ2
µ1
1
B2 dµ
˙˜
V = 2pi
´ µ2
µ1
eˆλ·eˆz
B2 dµ
H = 2pi
´ µ2
µ1
eˆλ·eˆz
B dµ
˙¯A = dA¯dλ =
dA2
dλ − dA1dλ = 2pi
(
R2 tanα2
dz
dλbµ=µ2+R1 tanα1 dzdλbµ=µ1
)
(7.54)
Also in this case the assumption of adiabatic electrons is reasonable and, therefore, the heat ﬂux
will be neglected.
By inspection of this new set of equation and by comparison with the one presented in Section
6.7 it is clear how the introduction of a generic magnetic ﬁeld topology only inﬂuences the metric
terms while the nature of the equations stays the same. All the geometric integral terms must be
calculated once the domain and the magnetic ﬁeld (that are inputs of the model) are known and
therefore are known functions of λ when we approach the system to solve it.
While slightly complicating the computation we believe that this theoretical description is much
more able to catch the principle of HET operation under every condition with respect to a classical
ideal 1D axial model.
7.9 Boundary conditions
Being physically justiﬁed, and independent of the actual magnetic ﬁeld in the thruster the same
boundary conditions presented in Section 6.8 can be used also in this case.
1. n(0) =
nn(0)
100
2. nn(0) =
m˙
miA(0)
(
un+ui(0)
n(0)
nn(0)
)
3. Te(Λ) = Tcat
4. φ(0) − φ(Λ) = Vd
5. φ(Λ) = 0
6. ui(0) = ui0
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7.10 Modelization of the physical processes inside the chan-
nel
Here again for all the physical process, the same description presented in Section 6.9 for the
previous model is still valid
 ionization rate
νI = nnσ¯I
√
8kTe
pime
(7.55)
with
σ¯I = σI0
(
1 +
kTeΣI
(kTe + ΣI)
2
)
exp
(
− ΣI
kTe
)
(7.56)
 Wall interaction
this process is the only one that in principle could be signiﬁcantly diﬀerent from the previous
model, as a matter of fact, due to the allowance of a general magnetic ﬁeld, also conﬁgu-
rations for which the relative inclination of the magnetic ﬁeld lines and the walls are very
high are in principle allowed, this would imply (as discussed in Section 4.4) a modiﬁcation
of the particle and energy interaction between plasma and wall, ultimately modifying νw
and νwe. Although this is known, for the ﬁrst validation of this magnetic model, we ﬁrst
assume again that the relative inclination is not very high, and therefore that the main
contribution to the wall eﬀects comes from the parallel-to-the-magnetic-line acceleration of
the plasma that in ﬁrst approximation can be expressed asνw = f
1
2
1
1+
√
e
(1− γ)
(
8kTe
pime
) 1
2
exp
(
eφsh
kTe
)
2
(R2−R1)
νwe = f
1
1+
√
e
(
8kTe
pime
) 1
2
exp
(
eφsh
kTe
)
2
(R2−R1)
(7.57)
with f the same correction factor to account for the actual behavior of the plasma parallel
to the magnetic ﬁeld line from the centerline to the plasma edge (that we expect to be closer
to 1 than the previous case because now we properly consider the magnetic ﬁeld shape).
Observe that although approximate these expressions give a good estimation of the wall
terms, in particular when close to standard magnetic conﬁguration are studied, such as the
one that will be used to validate the model. It is anyway already planned to extend the
plasma wall interaction description and to accurately include in the model the inﬂuence
of the inclination of the line with respect to the wall, when it will be used to predict
far-from-standard conﬁguration's behavior.
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 Electron collisionality
νe = (νen + νei) + νano + νew (7.58)
with
 νei neglected due to the irrelevance of coulomb collisions in the thruster channel
 νen = nnσen
√
8kTe
pime
with σen w 27 · 10−20m2for Xenon
 νew =
γ
1−γ νw
 νano = αBωe with αB again to be empirically determined as a function of the discharge
voltage
7.11 Plume modelization
As in the previous case is assumed that the plasma, once outside the channel, diﬀuses radially
with Bohm's speed so the domains of the boundary over which the magnetic coordinates are
deﬁned are, for z ≥ Lch R1(z) = R1(z=Lch) −
´ z
Lch
1
ui
√
kTe
mi
dz
R2(z) = R2(z=Lch) +
´ z
Lch
1
ui
√
kTe
mi
dz
(7.59)
and again we assume that once outside, due to the low density plasma next to the wall, the wall
eﬀects rapidly go to zero.
7.12 Radial magnetic ﬁeld as a particular case
Considering that this is a generalization of the previous model, we have to demonstrate that
the ideal radial magnetic ﬁeld, approximate model described in the previous section is just a
particular, limit case of this more general description
In this sections we will show how our equations become the ones of the previous chapter, in
the hypothesis of a radial and radially uniform magnetic ﬁeld B = B(z)eˆr (that we know is not
physical and doesn't satisfy Maxwell's equations, therefore in order to obtain the same results
from this completely physical magnetic description, some forcing will be needed).
It is useful to write again all the geometrical terms that appears in the system
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
S = 2pi
´ µ2
µ1
r
Bdµ
S˜ = 2pi
´ µ2
µ1
r(eˆz·eˆλ)
B dµ
V˙ = 2pi
´ µ2
µ1
1
B2 dµ
˙˜
V = 2pi
´ µ2
µ1
eˆλ·eˆz
B2 dµ
H = 2pi
´ µ2
µ1
eˆλ·eˆz
B dµ
˙¯A = dA¯dλ =
dA2
dλ − dA1dλ = 2pi
(
R2 tanα2
dz
dλbµ=µ2+R1 tanα1 dzdλbµ=µ1
)
(7.60)
It is also useful to remind that in our system of coordinates:
 ∂λ∂z
∂λ
∂r
 =
 rBr
−rBz

 ∂µ∂z
∂µ
∂r
 =
 Bz
Br

(7.61)
That for Bz = 0, Br = B becomes: dλ = rBdz and dµ = Bdr.In order to have ∇ · ~B = 0, we
must have B ∝ 1r ⇒ B = ∆r where ∆ is a constant, while we assumed before that B is radially
constant this is justiﬁed only if the radial span of the channel is small..
This complicates the parallel with the ideal model since it assumes a radially constant, only radial
magnetic ﬁeld that doesn't satisfy Maxwell's equations and therefore cannot be approached with
the previously deﬁned magnetic coordinates, nevertheless we can ﬁnd the same results through
some simpliﬁcations that ﬁt with the heavy, non realistic assumptions that the previous model
uses.
Note that in this case eˆλ · eˆz = 1. This implies that: S = S˜,V˙ = ˜˙V .
Let's now analyze all the geometrical terms in the limit Bz = 0, Br = B but still retaining a
physical approach so B = ∆r :
1. S = S˜ = 2pi
´ µ2
µ1
r
Bdµ = 2pi
´ R2
R1
r
BBdr = pi
(
R22 −R21
)
= A ⇒ S˙ = ˙˜S = A˙ = dAdz dzdλ where A
indicates the cross section area of the channel and of the plume.
2. V˙ = ˜˙V = Vdλ = 2pi
´ µ2
µ1
1
B2 dµ = 2pi
´ R2
R1
1
Bdr = 2pi
´ R2
R1
r
∆dr =
2pi(R22−R21)
∆ = A
dz
dλ , because
dz
dλ =
1
rB =
1
∆ = const, in the case of a radial magnetic ﬁeld.
3. A¯ = A so ˙¯A = dAdλ =
dA
dz
dz
dλ .
4. H = 2pi
´ µ2
µ1
eˆλ·eˆz
B dµ = 2pi
´ R2
R1
dr if B was radially constant 2piB
´ R2
R1
1
Bdr = BA
dz
dλ observe
that there is an intrinsic contradiction in considering both B and rB radially constant,
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but this is needed to conciliate a physically coherent solenoidal magnetic ﬁeld with the one
assumed in the ideal description.
In the end, forcing B to be only radial and also it to be ∝ 1r to marginally satisfy to the divergence
equation of the magnetic ﬁeld, but at the same time assuming it radially uniform in some cases
(assumption we did in the previous model, not physical, but reasonable if R2−R1  R2) we are
able to conciliate the two models, re-obtaining the exact same equations that described the ideal
model as a limit of the general one.
d
dz [nuiA] = n(νI − νw)A
d
dz [nuezA] = n (νi − νw)A
d
dz [nnunA] = −n(νI − νw)A
d
dz
[
minu
2
iA
]
= −nedφdzA+min (νIun − νwui)A
edφdzA−meneω
2
e
νe
uezA−A ddz [nkTe] = 0
d
dz
[(
5
2nkTeuez +qez
)
A
]
= neuez
dφ
dzA− (nνiαiΣi + nνwekTe)A
(7.62)
The presence of this intrinsic paradox in assuming a only radial and radially uniform magnetic
ﬁeld is evident in this analysis, and justiﬁes even more a more physical and generic approach as
the one of the 2D magnetic ﬁeld model presented in this chapter, and that will be validated and
used for a more accurate prediction and design of Hall thrusters in the near future.
Part IV
Model Validation
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Chapter 8
Radial Magnetic Field
Model-Integration Procedure
8.1 Diﬀerent sets of equations
Recalling the complete diﬀerential problem:
d
dz [nuiA] = n(νI − νw)A
d
dz [nuezA] = n (νi − νw)A
d
dz [nnunA] = −n(νI − νw)A
d
dz
[
minu
2
iA
]
= −nedφdzA+min (νIun − νwui)A
edφdzA−meneω
2
e
νe
uezA−A ddz [nkTe] = 0
d
dz
[
5
2nkTeuezA
]
= neuez
dφ
dzA− (nνiαiΣi + nνwekTe)A
(8.1)
in order to integrate it in the domain comprised between anode and cathode the ﬁrst reasonable
step is to non-dimensionalize the problem.
First we have to deﬁne the reference values and the non-dimensional variables
 Tref =
ΣI
k −→ T˜e = TeTref
 uref =
√
kTref
mi
−→ u˜j = ujuref non-dimensionalized with respect to Bohm's speed at the
reference temperature
 Lref = Lch −→ z˜ = zLref
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 σref = σI0
√
mi
me
 nref =
1
Lrefσref
−→ n˜j = njnref
 νref =
uref
Lref
−→ ν˜j = νjνref non-dimensionalized w.r.t. the characteristic ion transit fre-
quency of the channel
 ωref =
eBmax
me
−→ ω˜e = ωeωref = BBref
 Aref = Ach −→ A˜ = AAref
 φref =
kTref
e −→ φ˜ = φφref
Deﬁning then the non-dimensional number RB =
ωref
νref
that represents a reference value of the Hall
parameter. After some algebra the same set of equations can be written in the non dimensional
form, not yet completely explicit
SET (1)

d(n˜u˜i)
dz˜ = n˜(ν˜I − ν˜w)− n˜u˜i d ln A˜dz˜
dn˜n
dz˜ = − n˜u˜n (ν˜I − ν˜w)− n˜n d ln A˜dz˜
du˜i
dz˜ = − 1u˜i
dφ˜
dz˜ + ν˜I
(
u˜n
u˜i
− 1
)
du˜e
dz˜ = ν˜I
(
1 + u˜ezu˜i
(
u˜n
u˜i
− 2
))
− ν˜w
(
1− u˜ezu˜i
)
− u˜ezu˜i
dφ˜
dz˜
dφ˜
dz˜ =
me
mi
R2B
ω˜2e
ν˜e
u˜ez +
[
dT˜e
dz˜ +
T˜e
n˜
dn˜
dz˜
]
dT˜e
dz˜ =
2
5 ˜uez
(
u˜ez
dφ˜
dz˜ − ν˜I
(
αI +
5
2 T˜e
))
(8.2)
Now the pressure eﬀect on the electron's momentum is represented here as the term inside the
square brackets in the equation relative to the potential.
Keeping all the terms, pressure included, the next step in a classical solution of this diﬀeren-
tial problem should be to transform the system in an explicit form suitable for direct computation
dY˜
dz˜
= Ψ˜(Y˜)
Where ~Y is a vector containing the six plasma variables
(
n˜, n˜n,u˜eλ, u˜i, T˜e, φ˜
)
, and ~Ψ(~Y ) is a
vector containing six regular functions of the discussed variables.
If we do so, the ﬁnal set of equations in normal form that we are left with is
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SET (2)

dn˜
dz˜ =
n˜F˜
T˜e(1−M2)
dn˜n
dz˜ =
1
u˜n
[
(ν˜w − ν˜I) n˜− n˜n du˜ndz˜ − n˜nu˜n d ln A˜dz˜
]
du˜i
dz˜ = (ν˜I − ν˜w)− u˜i
[
F˜
T˜e(1−M2) +
d ln A˜
dz˜
]
du˜ez
dz˜ = (ν˜I − ν˜w)− u˜ez
[
F˜
T˜e(1−M2) +
d ln A˜
dz˜
]
dφ˜
dz˜ = ν˜I [u˜n − 2u˜i] + ν˜wu˜i + u˜2i
[
F˜
T˜e(1−M2) +
d ln A˜
dz˜
]
dT˜e
dz˜ =
2
5u˜ez
{
u˜ez
[
ν˜I [u˜n − 2u˜i] + ν˜wu˜i + u˜i2
[
F˜
T˜e(1−M2) +
d ln A˜
dz˜
]]
−ν˜I
(
αI +
5
2 T˜e
)
+ T˜e
(
5
2 ν˜w − ν˜we
)}
(8.3)
with
F˜ = 1u˜ez
{
−memiR2b ω˜e
2
ν˜e
u˜2ez+ν˜i
[
2
5αI + T˜e +
3
5 u˜ez (u˜n − 2u˜i)
]
+ 35 u˜eu˜
2
i
d ln A˜
dz˜ +
2
5 T˜eν˜we−ν˜w
[
T˜e − 35 u˜iu˜e
]}
and
M = u˜i√
5
3 T˜e
, observe that this deﬁnition of the Mach number is naturally coming from the
manipulation of the equations
8.2 Singular points
By close inspection of the two sets of equations presented in the previous section, it is evident
how diﬀerent singular points arise:
 in SET(1) we observe that at the denominator of the equations two relevant quantities
ﬁgure u˜i and u˜ez, while u˜ez is expected to be always negative, not creating any mathematical
problem for the equations (the electrons in the domain always ﬂow from the cathode toward
the anode), the singular conditions that presents for u˜i = 0 must be addressed directly;
 in SET(2) instead we observe the same, irrelevant, singular condition for u˜ez = 0, while no
singularity is present after the system is written in normal form for u˜i = 0, at the same
time a more physical singularity is present. This new sets presents a singularity for the
condition of ions reaching the sonic speed M2 = 1;
It is clear, from the fact that diﬀerent formulations of the same problem induce diﬀerent singular
points, that both of them needs to be regular points if present inside the domain, and are just
mathematical artifacts originating by the problem's formulation. This means that even if the
actual sonic condition M = 1 (in example) is reached inside the channel, this doesn't imply that
the derivatives of the plasma variables will explode in that point, because in the same point also
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the numerator of the terms divided by M2 − 1 will go to zero, allowing for a smooth transition
through the sonic point. The same discussion is valid for the ion velocity zero-crossing point.
Even though these conditions are physically smooth, regular singular points, they imply strong
numerical problems and need to be worked around.
8.2.1 Ion velocity zero-crossing point
Consider the ﬁrst SET(1) this presents a relevant, regular singular point for u˜i = 0.
The actual physical boundary condition for the ion's velocity, as presented in Section 6.8, should
be that the ion's speed at the anode is ui(0) = −
√
kTe
mi
, directed towards the anode, while we
know that, at the thruster exit, ion's speed will be positive. Consecutively, if the physical anode
condition is applied, the ion's velocity proﬁle will present a zero-crossing point. This would imply
strong computational complexities if SET(1) was to be used.
Three possible solutions where discussed to work around the problem
1. use the SET(2) for the computation, solving the ion zero-crossing singularity, but introduc-
ing the sonic point singularity, not really solving the problem;
2. use SET(2) up to a point where M > 0, and therefore the zero crossing singularity is
overcomed, and then switch to SET(1), allowing for a smooth solution;
3. evaluate the ion velocity boundary condition relevance for the actual shape of the solution
and for the performance calculations. If found to be negligible, a positive ion's velocity
boundary condition can be applied at the anode, without loosing model accuracy, therefore
no zero crossing point for the velocity proﬁle is expected, allowing for a smoother solution,
but loosing some physical background in the backwards drifting ion's region, near the anode;
As will be presented in the following, we deeply analyzed all the three solutions in a sensitivity
analysis of the boundary condition on the ion's velocity at the anode and ultimately observed the
irrelevance for the solution of the ion's BC, and therefore chose to pursue solution 3, extremely
simplifying the mathematical formulation, without loosing accuracy.
8.2.2 Sonic point
Consider the second SET(2), we observe that, if a point in which is veriﬁed thatM2 = 1 exists in
the channel, for the solution to be regular across it, it is needed that also the numerator becomes
null in that same point and therefore that
F˜ = 1
u˜ez
{
−me
mi
R2b
ω˜e
2
ν˜e
u˜2ez + ν˜i
[
2
5
αI + T˜e +
3
5
˜uez (u˜n − 2u˜i)
]
+ 3
5
u˜eu˜2i
d ln A˜
dz˜
+ 2
5
T˜eν˜we − ν˜w
[
T˜e − 35 u˜iu˜e
]}
= 0.
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This should naturally occur in the solution across the singular point. Unfortunately a straight-
forward numerical integration would fail to cross the sonic point, due to the strong gradients and
close proximity of the variables to zero.
In order to work around this problem there are 3 possible choices:
1. still integrate the SET(2) in full glory, keeping all the terms, but starting the integration
and imposing the boundary conditions on the sonic point, that is itself part of the solution.
In this way the numerical problems are avoided because the smooth transition is imposed
externally, but on turn strong computational issues would arise like the large increase in
iteration time in order to correctly estimate the position of the sonic point;
2. realize that the presence of the sonic singular point for the equations is due to the eﬀects of
the electron pressure on the electron momentum equation (terms in square brackets in the
potential momentum of SET(1)). The working principle of HETs prescinds from electron
pressure, that should only acount for a small eﬀect over the ﬁnal solution (only relevant near
the anode where low electric ﬁeld are present, but shoud be irrelevant for the computation
of the thruster performances). Therefore the second choice is to demonstrate the irrelevance
of the electron pressure on the system solution for a ﬁrst order model, eliminating it from
the system, obtaining a problem that is computationally smooth across the sonic point;
3. a third possible solution, in order to obtain a closer-to-real prediction of the plasma behavior,
in particular near the anode, is to integrate SET(2) from the anode to the point where the
Mach number comes in close proximity to 1, then change set of equations to one where the
pressure eﬀect is completely neglected and integrate it up to the cathode. Considering that
the pressure should be irrelevant where a strong electric ﬁeld is present, this solution could
allow for a better plasma description that nevertheless avoids the computational problems
linked with the sonic point crossing;
While Ahedo et al. in Ref. [21] discussed the ﬁrst approach. We ultimately decided to avoid the
problem of the sonic conditions demonstrating (how it is going to be presented in the following
sensitivity analysis) the negligibility of the electron pressure for the computation of the plasma
behavior in the channel. While both solution 2 and 3 were studied, we concluded that the pres-
sure is not relevant across the channel and that an equation set exchange mid-channel (as option
3 recommends) would imply non realistic solution discontinuities and mathematical complexities
that aren't justiﬁed. So in the end we successfully pursued solution 2.
All in all SET(1), where a positive ion boundary condition at the anode is prescribed and the
pressure is neglected throughout the channel, was used, solving all the singularities of the diﬀer-
144 CHAPTER 8. RADIAL MAGNETIC FIELD MODEL-INTEGRATION PROCEDURE
ential system.
The sensitivity analysis that justiﬁes the validity of this choice is presented in the following
section.
8.3 Sensitivity analysis
To proceed with the analysis and to justify our choices, we ﬁrst needed to study the sensitivity
of the system's solution on:
 variations on the ion velocity at the anode boundary conditions ui(0);
 the presence or absence of the pressure eﬀect in the electron momentum equation;
8.3.1 Relevance of the ion velocity anode condition
First of all we asked ourselves if the value of the ion's velocity at the anode is actually of any
relevance for the proﬁles of the plasma variables in the channel and, in particular, for the perfor-
mance calculations.
Being this a magnitude comparison of the various contribution to the solution, is just an analysis
intrinsic to the mathematical problem and, while the parameters must be in a reasonable range
near the actual thruster operations, it doesn't need to be performed over a real operative condi-
tion.
The sensitivity study about the relevance of the ion velocity anode condition therefore was con-
ducted by solving various cases with diﬀerent ion velocity BC at the anode
 the ones in which the ion's velocity at the anode was imposed to be positive were simply
obtained as a solution of the diﬀerential problem formulated as SET(1), neglecting the
electron pressure in the potential equation (choice that, in order to be completely validated,
needs to couple this analysis with the relevance of the electron pressure sensitivity analysis
presented below);
 instead, for the cases in which a negative ion velocity was prescribed at the anode, we used
an hybrid method in which SET(2) was integrated from the anode up to the point where
M > 0 (typically M = 0.3), in order to overcome the ion velocity zero crossing singularity
of SET(1), then switched to SET(1) and solved it up to the cathode, again neglecting the
electron pressure eﬀect;
The results of the study are presented in Figures 8.1 and 8.2, whereas a gaussian proﬁle for the
magnetic ﬁeld shape was assumed B = Bm exp
(
− (z−xm)2L2m
)
and a neutral velocity of un = 300m/s
was used
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Figure 8.1: ui(0) eﬀect on the solution, spanning from 2500 m/s to 300 m/s obtained integrating SET(1)
neglecting the electron pressure eﬀect.
Figure 8.2: ui(0) eﬀect on the solution, spanning from 300 m/s to −uB = −
√
kTe(0)
mi
obtained integrating
SET(2) up until M > 0 and then switch to SET(1) neglecting the electron pressure eﬀect and integrating
it up to the cathode.
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Observe that these solutions don't pretend to represent any real thruster operation condition,
but are just sample simulations used to point out a particular feature of the problem.
Furthermore, observe in Figure 8.2 how the use of an hybrid model, that keeps the pressure by
the use of SET(2) in the ﬁrst part of the channel and then switches to SET(1) without pressure,
while is able to catch the relevance of the pressure in the back streaming region, very close to the
anode, introduces heavy solution derivatives discontinuities upon transition.
We are in the position now to assess the actual relevance of the ion velocity boundary condition
on the problem solution.
As it is evident from the previous ﬁgures, varying ui(0) from 2500
m
s to −
√
kTe(0)
mi
, the solution
along the whole channel presents only marginal variation, all concentrated at the channel entrance,
near the anode region, as it is to be expected. While the application of a negative velocity is able
to catch the ion back streaming region, it has practically no inﬂuence on the overall solution, in
particular at the cathode, and therefore a completely negligible relevance upon the calculation of
the thruster integral performance parameters.
This demonstrates (if also the negligibility of the pressure is veriﬁed) that the application of a
positive ion velocity, that allows for a direct use of the simpler form of SET(1), is completely
justiﬁed, implying only small errors on the prediction near the anode while practically null in the
rest of the channel.
So with the acquired insight, for the actual model predictions of real thrusters a positive ion
velocity was applied at the anode boundary of the domain. Being at this point somewhat arbitrary,
it was chosen to impose that the ion velocity at the anode is exactly equal to the neutral velocity:
ui(0) = un. This justiﬁes a posteriori the anode condition n(0) =
nn(0)
100 chosen to allow the ion
ﬂux at the anode to be uninﬂuential ((unnn)0  (uin)0 ).
8.3.2 Relevance of the electron pressure
Then we investigated the relevance of the presence of the electron pressure for the proﬁles of the
plasma variables in the channel and, in particular, for the performance calculation.
The sensitivity study about the relevance of the electron pressure was performed by solving
SET(1) for the same input parameters and boundary conditions, twice, one time considering also
the eﬀect of the electron pressure in the potential equation, while the other neglecting it.
This analysis was allowed by the previous sensitivity study that allowed for the imposition of a
positive anode ion velocity BC, allowing for a smooth solution of SET(1).
Observe that these two sensitivity analysis are coupled: the one on the ion velocity was conducted
assuming the negligibility of the electron pressure, and this one, on the electron pressure, is lead
assuming negligible eﬀects of the ion velocity BC. They will result both justiﬁed only if both the
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analysis are successful, demonstrating each other assumptions.
The results are showed in Figure 8.3, again these don't correspond to any real operational condi-
tions, and have the same assumptions used for the previous simulations.
Figure 8.3: Solution comparison obtained by integration of SET(1) with and without pressure for a
sample case
As it is clear from the results the pressure has an extremely marginal eﬀects in the second
part of the channel, and at the cathode the simulation results are eﬀectively identical.
The only relevant diﬀerences are recorded near the anode, in the diﬀusion region of the channel,
here the low values of the electric ﬁeld implies that the electron motion must be sustained by
the pressure and, therefore, neglecting it implies an over prediction of the local electric ﬁeld and
typically of the temperature and ionization (as it is evident from Figure 8.3).
Even so the discrepancies are only recorded in the ﬁrst, small region, of the channel, that is not
fundamental for the working principle of a HET, and the diﬀerences are very marginal.
This shows how the pressure eﬀect on the electron momentum is really not relevant for the actual
working principle of a HET, and can be eﬀectively neglected throughout the channel without rel-
evant errors on the performance estimations and on the variable proﬁles in the relevant sections
of the channel.
The fact that both the coupled sensitivity analysis successfully excluded from the problem their
respective feature analyzed implies that both of the results are validated. Thus in the actual usage
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of the model to predict real thrusters operational behaviour, a simpliﬁed form of the problem in
which a positive BC for the ion speed at the anode is applied and in which the pressure eﬀect on
the electron momentum equation is neglected will be used, simplifying the problem but keeping
(as demonstrated in this section) a satisfying accuracy.
8.4 Final integration procedure
If we assume that the dependences f(nn(0)), αB(Vd)and Ta(I)(and therefore un) are known (cali-
brated with experimental data, as discussed in Section 9.2.1.1).
We are left with the boundary value problem described by the system of non-dimensional equa-
tions

d(n˜u˜i)
dz˜ = n˜(ν˜I − ν˜w)− n˜u˜i d ln A˜dz˜
dn˜n
dz˜ = − n˜u˜n (ν˜I − ν˜w)− n˜n d ln A˜dz˜
du˜i
dz˜ = − 1u˜i
dφ˜
dz˜ + ν˜I
(
u˜n
u˜i
− 1
)
du˜e
dz˜ = ν˜I
(
1 + u˜ezu˜i
(
u˜n
u˜i
− 2
))
− ν˜w
(
1− u˜ezu˜i
)
− u˜ezu˜i
dφ˜
dz˜
dφ˜
dz˜ =
me
mi
R2B
ω˜2e
ν˜e
u˜ez +
[

dT˜e
dz˜ +
T˜e
n˜
dn˜
dz˜
]
dT˜e
dz˜ =
2
5 ˜uez
(
u˜ez
dφ˜
dz˜ − ν˜I
(
αI +
5
2 T˜e
))
(8.4)
coupled with the set of non-dimensionalized boundary conditions

n˜(0) =
n˜n(0)
100
n˜n(0) =
1
nref
m˙
miA(0)
(
un+ui(0)
n(0)
nn(0)
)
u˜i(0) = u˜n
φ˜( Lcat
Lref
) = 0
φ˜(0) − φ˜( Lcat
Lref
) = Vdφref = V˜d
T˜e( Lcat
Lref
) = TcatTref = T˜cat
(8.5)
in which the two previously justiﬁed hypothesis of neglecting the electron pressure in the potential
equation and applying a positive boundary condition for the ion velocity at the anode (ui(0) = un)
are already used, eliminating all the relevant singular conditions of the system.
Observe how this is a BVP: 4 of the 6 BCs are applied at the anode section while 2 are applied
at the cathode. In addition the system of equations in the presented form is of the ﬁrst order in
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φ while two boundary conditions, one at the anode and one at the cathode are imposed for the
potential, while no boundary condition is prescribed for the electron velocity.
We devised an iterative solution of the problem that splits the complete BVP in two initial value
problems, solved alternatively until convergence, and then shoots on the total discharge current
until the complete potential fall is achieved, reaching solution.
The steps of the integration procedure are explained in greater detail in the following:
1. First of all an hypothetical value of the current ﬂowing in the circuit is guessed, the one cor-
responding to the injected mass ﬂow rate I
(1)
d = m˙
e
mi
, and adequately non-dimensionalized
I˜d
(1)
=
I
(1)
d
nrefeurefA(0)
.
The equation for the electron velocity is substituted with the current continuity across
the channel
u˜e = u˜i − I˜n˜A˜
2. The system is split in two diﬀerential problems and the current continuity algebraic equa-
tion:
problem 1 :

d(n˜u˜i)
dz˜ = n˜(ν˜I − ν˜w)− n˜u˜i d ln A˜dz˜
dn˜n
dz˜ = − n˜u˜n (ν˜I − ν˜w)− n˜n d ln A˜dz˜
du˜i
dz˜ = − 1u˜i
dφ˜
dz˜ + ν˜I
(
u˜n
u˜i
− 1
) with BCs

(n˜u˜i)(0) = n˜(0)u˜i(0) =
n˜n(0)
100 u˜n
n˜n(0) =
1
nref
m˙
miA(0)
(
un+ui(0)
n(0)
nn(0)
)
u˜i = u˜n
current continuity : u˜e = u˜i − I˜dn˜A˜
problem 2 :

dφ˜
dz˜ =
me
mi
R2B
ω˜2e
ν˜e
u˜ez
dT˜e
dz˜ =
2
5 ˜uez
(
u˜ez
dφ˜
dz˜ − ν˜I
(
αI +
5
2 T˜e
)) with BCs

φ˜( Lcat
Lref
) = 0
T˜e( Lcat
Lref
) = Tcat
Observe that problem 1 is an initial value problem, that can be forward-integrated from
the anode to the cathode if the potential and temperature proﬁles (solution of problem 2)
are assigned.
The current continuity can give the electron velocity proﬁle if the ion velocity proﬁle and
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the plasma density (solution of problem 1) are assigned.
And lastly that problem 2 is an IVP for the potential and the temperature that can be
integrated from the cathode to the anode if the shapes of the variables involved in problem
1 are assigned.
Furthermore observe that the condition on the overall potential fall from anode to cathode
(φ˜(0) − φ˜( Lcat
Lref
) = Vdφref )was not used, but will be needed upon shooting on Id to ﬁnd the
correct value of the discharge current ﬂowing through the thruster.
3. Assign an initial guess for the shape of temperature and potential proﬁle across the channel,
from anode to cathode, the closer to the real solution the less computational time the so-
lution will require, typically for a greater stability of the system low values of the variables
was found to be beneﬁcial.
The start proﬁles that we used for the computation are:φ˜
(1,0)
(z˜) = − V˜d2 (erf (10 (z˜ − 0.8)− 1))
T˜
(1,0)
e(z˜) =
1
5 + exp
(
− (z˜−0.8x˜m)22×0.003
) that are represented in Figure 8.4
Figure 8.4: Assumed start proﬁles for a sample case with Vd = 300V and the maximum magnetic ﬁeld
point x˜m = 0.9
4. Substitute the assigned proﬁles for φ˜ and T˜e in problem 1 that can now be solved from the
anode to the cathode, setting to zero only for this ﬁrst iteration the logarithmic derivatives
of the domain area; obtaining the ﬁrst iteration shapes of
8.4. FINAL INTEGRATION PROCEDURE 151
(n˜u˜i)
(1,0)
n˜
(1,0)
n
u˜i
(1,0)
and so also n˜(1,0) = (n˜u˜i)
(1,0)
u˜i(1,0)
5. Use the current continuity to ﬁnd, with the guessed current, the ﬁrst iteration for the
electron velocity proﬁle u˜
(1,0)
ez
6. Substitute the previously found variables into problem 2, integrate it from cathode to anode
to obtain the ﬁrst correction for the potential and temperature proﬁles in the domainφ˜
(1,0)
(corr)
T˜
(1,0)
e(corr)
and modify the start function weighting the correction with a weight factor that was set to
1
2 , this is done to give to the solution method a higher stability.
So ﬁnd the ﬁrst iterations of the potential and the temperatureφ˜(1,1) =
φ˜(1,0)+φ˜
(1,0)
(corr)
2
T˜
(1,1)
e =
T˜ (1,0)e +T˜
(1,0)
e(corr)
2
7. Calculate the ﬁrst iteration of the area shape
R
(1,1)
1(z) = R
(1,1)
1(z=Lch) −
(´ z
Lch
1
u
(1,0)
i
√
kT
(1,1)
e
mi
dz
)
H (z − Lch)
R
(1,1)
2(z) = R
(1,1)
2(z=Lch) +
(´ z
Lch
1
u
(1,0)
i
√
kT
(1,1)
e
mi
dz
)
H (z − Lch)
and A(1,1) = pi
(
R
2(1,1)
2 −R2(1,1)1
)
−→ A˜(1,1) = A(1,1)Aref
8. Substitute the ﬁrst iteration φ˜(1,1)and T˜
(1,1)
e and A˜(1,1) into problem 1 and integrate to ﬁnd
the correction of the ﬁrst iteration for the ﬁrst set of unknowns
(n˜u˜i)
(1,0)
(corr)
n˜
(1,0)
n(corr)
u˜
(1,0)
i(corr)
weight these as well with a weighting factor of 12 to obtain the new iteration of the ﬁrst set
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of unknowns
(n˜u˜i)
(1,1)
=
(n˜u˜i)
(1,0)+(n˜u˜i)
(1,0)
(corr)
2
n˜
(1,1)
n =
n˜(1,0)n +n˜
(1,0)
n(corr)
2
u˜i
(1,1) =
u˜i
(1,0)+u˜i
(1,0)
(corr)
2
9. Use the continuity to ﬁnd the electron velocity correction u˜
(1,0)
e(corr) and weight it to ﬁnd the
new iteration
u˜
(1,1)
e =
u˜(1,0)e +u˜
(1,0)
e(corr)
2
10. Repeat steps 6-9 with the newly calculated proﬁles of the unknowns until the convergence
criterion is veriﬁed.
Calling ~Y (1,k) =
[
(n˜u˜i)
(1,k)
, n˜
(1,k)
n, u˜
(1,k)
i , u˜
(1,k)
ez , φ˜(1,k), T˜
(1,k)
e
]
.
In our computation the k¯-th iteration cycle is considered convergent if
max
z˜
[∣∣∣∣Y (1,k¯)j −Y (1,k¯−1)j
Y
(1,k¯−1)
j
∣∣∣∣] < error∀j where error was set to 1× 10−4
11. After convergence of the solution at the k¯-th cycle we got to verify that the overall potential
fall is achieved by the solution (the boundary condition that we didn't use).
So we have to calculate φ˜
(1,k¯)
(0) .
If it it is close enough to the non-dimensional discharge voltage, in particular we chose
if φ˜
(1,k¯)
(0) ∈
[
V˜d − 110φref , V˜d + 110φref
]
than all the conditions are veriﬁed and ~Y (1,k¯)is the
ﬁnal solution of the computation (that means that the ﬁnal dimensional error on the voltage
drop is less than 0.1V)
while if the condition is not veriﬁed the initial guess of the current is not right and it
has to be modiﬁed, in our solution we modiﬁed it proportionally to the actual distance
from the solution:
I(i) = I(i−1) − φ˜
(i,k¯)
(0)
−V˜d
V˜d
12. with the new value of the current repeat steps 4-11 with start functions for φ˜ and T˜e as the
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shapes of the convergent solution with the previous value of the current.
And iterate on the current value up until the ﬁnal solution is achieved, for the i¯-th itera-
tion, when φ˜
(i¯,k¯)
(0) ∈
[
V˜d − 110φref , V˜d + 110φref
]
, and where the actual operating current and
unknowns proﬁles are obtained.
In our simulations, that will be presented in the following, all the integrations were numeri-
cally computed using the commercial software MATLAB, that implements a Runge-Kutta, with
automatic error estimation using rules of order 4 and 5, ODE solver (MATLAB function ODE45).
With this algorithm, that is basically composed by two nested cycles, one iterating on the
alternate solution of the two IVP, and the other one shooting on the value of the current until
convergence (see logic diagram in Figure 8.5) it is possible to simulate the operation conditions of
existing thrusters and predict their operational behaviour, if a correct ﬁt for the free parameters
is performed.
154 CHAPTER 8. RADIAL MAGNETIC FIELD MODEL-INTEGRATION PROCEDURE
Figure 8.5: Integration procedure logic scheme
Chapter 9
Model Application
9.1 Performance sub-model
Once the simulations are complete we are left with all the predicted plasma parameters proﬁles,
from the anode to the cathode.
In order to complete the prediction, a sub model that describes how to predict the integral quan-
tities linked with the thruster operation needs to be discussed. For this purpose a classical HET
performance model (see Ref. [10]) was used, brieﬂy described in this section.
The expression for the thrust eﬃciency is ηT =
1
2 m˙totv
2
e
Pin
 where m˙tot = m˙+ m˙c is the total propellant mass ﬂow rate used by the thruster that is the
combination of the propellant mass injected through the anode (m˙) and the one injected
through the cathode for the neutralizer operation (m˙c) .
 ve =
T
m˙tot
is the eﬀective exhaust velocity, where T is the thrust produced. ve can be
directly linked with the speciﬁc impulse Isp =
T
m˙totg0
where g0 has the obvious meaning of
gravitational acceleration at sea level.
 T = (m˙iui)z=Lcat, observe that in this expression the pressure eﬀect is neglected, as already
discussed the pressure has negligible eﬀects in the last part of the channel, and as a matter
of fact the pressure contribution to the thrust is several orders of magnitude less than the
one linked with the momentum ﬂux.
 Pin = Pd +Pk + Pmag is the total power used during thruster operation comprised of the
discharge power Pd = IdVd , the keeper power that is completely negligible during regular
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operation and therefore neglected, and Pmag that is the power used to generate the magnetic
ﬁeld in the engine.
So the thrust eﬃciency gets the expression
ηT =
T 2
2m˙totPin
(9.1)
If we now deﬁne two eﬃciencies:
 ηc =
m˙
m˙tot
the cathode eﬃciency.
 η0 =
Pd
Pin
the discharge power eﬃciency.
the thrust eﬃciency can be expressed as ηT =
1
2 m˙totv
2
e
Pin
= ηaηcη0 where ηa =
T 2
2m˙Pd
is the anodic
thrust eﬃciency, that is independent of all the parasitic eﬀects that lower the eﬃciency, like
the magnetic power usage and the mass ratio injected through the neutralizer, and is the most
relevant for what concerns the prediction of the thruster conditions in the channel; in the same
way also an anodic speciﬁc impulse is deﬁned: Ispa =
T
m˙g0
now T = (m˙iui)z=Lcat =
√
2mi
e Ii(Lcat)
√
Vb Where Vb is an artiﬁcial voltage through which ions
should fall conservatively to obtain the actual ion velocity at the cathode (ui)Lcat
furthermore deﬁning
 ηb =
Ii(Lcat)
Id
the beam eﬃciency.
 ηe =
Vb
Vd
the energetic eﬃciency.
 ηI =
m˙i(Lcat)
m˙ the ionization eﬃciency.
after some algebra the anodic thrust eﬃciency and the overall thrust eﬃciency can be calculated
as
ηa = ηIηbηe (9.2)
ηT = ηaηcη0 (9.3)
Observe that in this calculations, four eﬀects were neglected, assuming their small relevance,
justiﬁed for typical thruster operation conditions, that are: the presence of multiply charged
ions, the power given to the keeper (that in stationary conditions should be zero), the losses
induced by the plume divergence, and the eﬀects of the plume that follows after the cathode
section.
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9.2 HT-5k
Alta's HT-5k (see Figure 9.1 and Figure 9.2) is a Hall Eﬀect thruster designed to work in the
power range 3-7 kW. The thruster can operate in two distinct modes for a given power level:
the High Thrust mode, suitable for orbit insertion, orbit raising or repositioning, and the High
Speciﬁc Impulse mode, typically used for station-keeping applications.
Figure 9.1: (a) Design of Alta's HT-5k and (b) photo of the thruster mounted on the thrust balance
Figure 9.2: Alta's HT-5k ﬁring
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The magnetic circuit of Alta's HT-5k includes magnetic coils, screens, poles, the outer shell
and the base ﬂange. All elements of the thruster magnetic circuit are made of soft magnetic alloy
and, when magnetized by coils, allow producing an almost radial magnetic ﬁeld at the exit plane
of the thruster accelerating channel. The maximum value of the magnetic induction, which can
be reached at the channel centerline before magnetic saturation of the magnetic circuit, is 50 mT.
This permits thruster operations under high discharge voltages, which usually require high values
of the magnetic induction. To increase the homogeneity of the magnetic ﬁeld, only one outer
magnetic coil was used. The thruster is also equipped with a trim coil located behind the anode.
This coil is needed to obtain a high positive axial gradient of the radial magnetic induction and
to create a wide zone, near the anode, that is completely free from the magnetic ﬁeld, in order to
provide an unhindered electron current to the anode. Signiﬁcant part of the heat released from
the thruster is due to radiation from its surfaces. Thereby, to make the radiative cooling more
eﬃcient, large openings were created at the back ﬂange and outer shell of the thruster.
The anode-gas distributor of Alta's HT-5k is a hollow metallic annular assembly. It includes
several parts, which create inside the anode a complex labyrinth. The anode provides a good
propellant mixing and a consequently uniform distribution of the propellant inside the discharge
chamber. Since the mean diameter of Alta's HT-5k accelerating channel is relatively large, in or-
der to improve distribution of inlet propellant, three gas injectors are installed in the anode. Each
injector is insulated from the gas feeding system by electrical breaks. The discharge chamber of
the thruster is an annular U-shaped channel of ceramic material composed by boron nitride (BN)
and silicon dioxide (SiO2). The channel is made of three ceramic parts: the base channel section
and the two exit rings, which constitute the ﬁnal sections of inner and outer walls. The rings are
mounted on the base channel and are retained on the outside of the channel with metallic ﬁx-
tures. The sectioned channel allows to asses the inﬂuence of diﬀerent channel proﬁles (chamfers)
on both the thruster performance and the plume behavior.
The HT-5k is usually equipped with two NeXHT-20 LaB6 high-current hollow cathodes devel-
oped by Alta in the past few years.
The magnetic ﬁeld used in the nominal operations of HT-5k is represented in Figure 9.3
9.2. HT-5K 159
Figure 9.3: Alta's HT-5k magnetic ﬁeld topology
As it is evident the magnetic ﬁeld in the exit section of the channel is mainly radial, and
therefore the application of the described ﬁrst order model that assumes ideal radial magnetic
ﬁeld is justiﬁed.
The main operation parameters in the baseline operation condition are listed in Table 9.1
m˙
[
mg
s
]
Vd [V ] Id [A] P [W ]
16.5 300 17.2 5160
Table 9.1: HT-5k baseline operation parameters
For what concerns the application of the model to the actual thruster, a part from the oper-
ation parameters, only the geometrical properties of the channel and the value of the magnetic
ﬁeld along the channel centerline are relevant.
These data are presented in Figure 9.4.
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Figure 9.4: Relevant HT-5k data for the model application
Observe that a BOL condition for the thruster is studied in which no area change is present
in the channel and therefore the chamfer angle ϕ is set to zero for z < Lch.
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9.2.1 HT-5k experimental data
Experimental Data on the HT-5k thruster are extremely relevant for the application and valida-
tion of the presented model for two main reasons:
1. experimental data must be used to ﬁt the value and dependence of the yet-to-determine
parameters of the model, namely the wall interaction coeﬃcient f(nn(0)), the anomalous
diﬀusion coeﬃcient αB(Vd)and the anode temperature Ta(I);
2. to compare the computed prediction of the thruster operational conditions, in particular
the integral performances, to actual experimental results, evaluating the model accuracy
and ultimately validating the modelization adopted;
Alta has an extensive experimental history on the HT-5k.
During the years it has been tested under diﬀerent input data, with powers ranging from 3 to
7 kW under applied voltages spanning from low voltage applications < 200V to relatively high
discharge voltages > 600V.
Unfortunately, due to the harsh environment inside the thruster channel for diagnostic instru-
ments, no experimental data about the actual trend of the plasma variables inside the channel
is available at the moment, but only integral, performance parameters were measured (applied
voltage, discharge current, mass ﬂow rate, thrust, speciﬁc impulse, total eﬃciency etc...), and
therefore is over the match of these parameters that the model was validated.
Many experimental conditions were investigated for the HT-5k using Xenon as propellant, but
the data on the performance measured are protected by a disclosure agreement and won't be
listed in this document.
In the end we focused on a set of 21 thruster operating points that were chosen to be repre-
sentative of the various thruster conditions with diﬀerent voltages and mass ﬂow rates.
This set was ultimately used to ﬁt the semiempirical model coeﬃcients and to be compared with
the numerical simulations.
To be thorough the baseline measured properties are presented in table
Id [A] P [W ] T [mN ] Isp [s] Ispa [s] ηT [%] ηa[%]
17.2 5160 288 1678 1779 44 49
Table 9.2: Baseline experimental performance
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9.2.1.1 Free parameters ﬁt
Now we have to discuss the semiempirical ﬁt of the parameters:
Anode temperature
As presented in Section 6.6.2, for a physical estimation of the average neutral velocity we used
a known fraction of the sonic speed of the propellant at the anode temperature (un =
√
8αkTa
pimi
with α = 0.25).
No thermal model of the anode was developed for the sake of this simpliﬁed model, considering
that typical anode temperatures don't change very much for diﬀerent operation conditions of the
thrusters (typically it goes from 700K to 900K, for current power ranges Ref. [23]).
Unfortunately, no data about the actual anode temperature of the HT-5k during operation is
available at the moment, and therefore we used the data coming from Ref. [23], where an HET
of the same power range (6kW) of Alta's HT-5k is analyzed.
Two relevant operation conditions are presented in Table 9.3
Id(A) Ta(K)
20.3 840
9.1 680
Table 9.3: Points used to ﬁt the temperature dependence on the discharge current
Observing the slight variation of the anode temperature with current (and considering that in
the actual implementation it ﬁgures only under a square soot, alleviating the model sensitivity to
it) we decided to use a linear approximation between these two operation conditions to predict
the actual anode temperature to be expected, therefore
Ta =
(840K − 680K)
(20.3A− 9.1A) (Id − 20.3A) + 840K (9.4)
Wall interaction coeﬃcient
As discussed in Section 6.9.2 we decided to modify the wall interaction frequencies (both
particle νw and energy νwe) with a semiempirical coeﬃcient, called the wall interaction coeﬃcient
f , that accounts for the uncertainties on the radial plasma behavior and for which a linear
dependence over the neutral density at the anode was prescribed.
Knowing the actual current ﬂowing in the experimental operation conditions we ﬁrst modiﬁed
the integration procedure presented in Section 8.4 to allow this ﬁt: instead of cycling to ﬁnd the
correct value of the current to predict unknown operation conditions, we ﬁrst assumed a value
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for f (f = 1) then cycled over αB until the voltage convergence criterion was veriﬁed with the
experimental value of the current, then we computed the predicted performances for that same
operation conditions and if they didn't match the experimental values we changed the value of
f up until a satisfying match was achieved, and we repeated the process for a subset of the
experimental conditions.
Using this data we were able to approximate the linear dependance of f on the anode neutral
density as depicted in Figure 9.5.
Figure 9.5: f-approximation, mpis the mass ﬂow rate through the anode (previously called m˙)
Observe how the computed cloud for f is extremely close to 1, it spans from 0.75 to 1.19,
this implies that our extremely simpliﬁed model of the presheath plasma behavior is reasonably
accurate. How it is expected, a lower nn(0)implies a lower ionization in the pre-sheath, therefore
the ratio of the density between plasma edge of the sheath and average density value tends to
decrease, and a lower value of f needs to be prescribed, viceversa higher nn(0) implies higher ion-
ization and therefore more uniformity in the radial distribution of the plasma density, so higher f .
Anomalous diﬀusion coeﬃcient
A similar procedure was used to identify the dependance of αB , or actually the inverse of
it c = 1αB . Now that we have the ﬁt for the wall coeﬃcient f , the idea is simply to use the
integration procedure assigning the current from the experimental results and cycle over c instead,
until convergence to the right potential drop is obtained, by doing this over the same subset of
operational point of the previous approximation, a clear dependance on the applied voltage was
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recorded, thus a linear dependance on the discharge voltage for c was prescribed.
The actual approximation is represented in Figure 9.6.
Figure 9.6: c-approximation, mpis the mass ﬂow rate through the anode (previously called m˙)
9.2.2 Computation results
Now that all the parametric dependences are ﬁxed, we are able to use the algorithm presented
in Section 8.4 to predict the operation points of the HT-5k, both in terms of performance, and
in terms of the shapes of the various plasma variables along the channel and in the near plume,
from anode to cathode.
9.2.2.1 Baseline proﬁles
The ﬁrst relevant set of computational output is represented by all the simulations conducted
over the HT-5k baseline nominal operation point (highlighted in Table 9.1), that describe the
behavior of the plasma inside the channel and in the near plume, and are used as a reference to
highlight all the relevant trends.
In Figure 9.7 all computed plasma variables trends in dimensional form are represented for this
condition.
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Figure 9.7: Baseline plasma properties prediction, thruster exit is indicated by a dashed line and corre-
sponds to z = 0.035m
In Table 9.4 the computed performance, the experimental ones and the percentile diﬀerence
are presented
Id [A] P [W ] T [mN ] Isp [s] Ispa [s] ηT [%] ηa [%]
computed 17.1 5120 289 1683 1785 44.3 49.4
experimental 17.2 5160 288 1678 1779 44 49
diﬀerence 0.76% 0.77% 0.35% 0.3% 0.34% 0.68% 0.81%
Table 9.4: Computed performance and comparison with experimental data
As we can clearly see from the table the predicted nominal point is very close to the exper-
imental, less than a 1% error is recorded on every performance parameter, that is an extremely
satisfying result for this ﬁrst order model.
For what concerns the trends, some features deserve to be pointed out:
 it is clear that at the exit an abrupt transition occurs and the solution presents some
derivatives discontinuities, this is due to the fact that the mathematical description from
inside the channel to the near plume changes. While in the inside the wall terms are
considered and the area doesn't change, in the outside plume the wall eﬀects rapidly go to
zero and the domain area starts to increase. This already underlines the relevance that the
plasma interaction with the walls has in the actual parameters of the plasma;
 the relevance of the wall terms is strongly pointed out by the temperature proﬁle; as a
rule of thumb it is common to hear that the maximum temperature in eV to expect in a
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HET channel is about Vd10 , in the case of the baseline operation this should be equal to
30 eV. This trend is completely disrupted by the presence of the wall and in particular
of the secondary electron emission. As a matter of fact when the temperature increases
also the secondary electron emission increases, while the sheath potential fall follows the
proﬁle depicted in Figure 4.7. This implies that when the temperatures reaches values in
close proximity to the ones needed for the charge saturated regime of the sheath, the big
ﬂux of electrons to the wall acts as an energy sink that doesn't allow the temperature to
increase very much further (see Ref. [30] ). For Xenon over BNSiO2, as in the simulated
condition, the charge saturated regime occurs for a temperature of about 28 eV, and as
it is depicted in fact the temperature starts to smooth itself while inside the channel to a
value <28eV. on the contrary when the plasma exits the channel no bounds are imposed to
the temperature growth (see proﬁle for νwe in Figure 9.8), the energy sink represented by
the walls vanishes, while a strong resistance to the plasma motion is still provided by the
relatively high magnetic ﬁeld, thus the temperature is free to reach very high values up to
50 eV in the near plume. So wall interaction and SEE is a fundamental energy interaction
mechanisms that deeply shapes the actual proﬁles for the plasma variables and the solution
can't prescind from it;
 while the greatest part of the ionization of the propellant happens near the anode, where
the neutral density is very high, the fact that the temperatures has a very high peak in the
near plume implies that ionization is not totally conﬁned in the ﬁrst region of the channel
but a ﬁnite ionization happens also in the temperature peak region (see Figure 9.8) . In
the end as one can see from the neutral density proﬁle of Figure 9.8 the ionization at the
cathode section is almost complete and indeed a ionization eﬃciency in close proximity to
one is always found for real operation conditions (while it is not true if very low voltages
are applied);
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In Figure 9.8 all the relevant frequencies of the plasma are depicted with their trend along z in
dimensional form
Figure 9.8: Baseline relevant frequencies proﬁles, channel exit corresponds to z = 0.035m
Figure 9.9: Baseline electron collisionality contributions against axial coordinate, channel exit corre-
sponds to z = 0.035m
In Figure 9.9 is depicted the total electron collision frequency νe = (νen + νei) + νano + νew
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along with all its contributions. Observe how anomalous collisionality and electron neutral colli-
sions have the same relevance but in diﬀerent sections of the channel, in fact the electron-neutral
collisions are more relevant where a large neutral density is present, near the anode, while the
anomalous collisionality is only relevant where a large magnetic ﬁeld is present. At the same time
electron-wall collisionality is only relevant where the sheath becomes charge saturated, where the
temperature tends to be very high, so only in the last section of the channel, near the anode.
Figure 9.10: Baseline Hall parameter proﬁle, channel exit corresponds to z = 0.035m
In Figure 9.10 the simulated trend of the Hall parameter is presented, if only classical elec-
tron collisionality is considered a β of about 300 is to be expected, while adding the anomalous
term and wall interaction terms (that generates the cusp due to it's very clear localization at the
channel exit) the Hall parameters results lower, because they tend to increase the axial mobility
of the electrons. In the baseline case in the region of magnetic ﬁeld peak a value of the Hall
parameter of about 120 is foreseen by the model.
A part from the baseline many other operation conditions have been simulated, some cor-
responding to inputs for which experimental data were available others just as working points
predictions.
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The complete results can't be presented due to a disclosure agreement but the comparison between
these results and the experimental ones is presented in the following section.
9.2.2.2 Comparison and Results
Comparing the experimental operative points with the ones predicted by the model we were able
to estimate the accuracy of the model.
In Figures 9.11-9.14 four diﬀerent computed operational maps for the HT-5k are represented,
with overlaid the experimental operative points.
Figure 9.11: Discharge current against voltage HT-5k computed operational map, diﬀerent colors indicate
diﬀerent anode mass ﬂow rates while the diamonds indicate the corresponding experimental operative
points
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Figure 9.12: Thrust against discharge voltage HT-5k computed map and comparison with experimental
results (diamonds)
Figure 9.13: Anodic speciﬁc impulse against discharge power HT-5k computed map and comparison with
experimental results (diamonds)
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Figure 9.14: Anodic thrust eﬃciency against discharge power HT-5k computed map and comparison with
experimental results (diamonds)
As it is evident from the maps the agreement between the computed maps and the experi-
mental data is extremely good, less than a 5% error is found on every operation point.
The greatest diﬀerences, observing Figure 9.14, are found for the computation of the anodic thrust
eﬃciency. This is likely caused by the large error bars in the experimental data concerning the
eﬃciency that is calculated a posteriori over other experimental data (the thrust, input power
and mass ﬂow rate), therefore the experimental data on the eﬃciency intrinsically present a large
error. As a matter of fact, while the prediction for the eﬃciency against the power have a very
clear and expected trend, the experimental data don't, underlining their poor precision.
9.3 Model capabilities and limitations
The presented results show how, if properly calibrated, the 1D model with ideal radial magnetic
ﬁeld, is capable of catching the essence of the working principle of current HETs, predicting with
an extremely good accuracy the thruster operation, also away from the nominal operation con-
ditions.
Even though the results are very satisfying, this model clearly has some limitations:
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 it can only simulate thrusters in which the magnetic ﬁeld is mainly radial, so it can't be
used to study the beneﬁts and the behavior of non-standard thrusters, in example thrusters
with magnetically shielding magnetic ﬁeld topology (see Chapter 3);
 to accurately predict the operation points of speciﬁc HETs previous experimental data on
that same HET, or a thruster of similar characteristics, are needed to calibrate the free
parameters. If no data is available, constant values of the parameters can be used, or the
ones available for other thrusters, but the model will loose its great accuracy;
Part V
Conclusions
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Chapter 10
Conclusions
10.1 Summary
The complete work here presented yields some important gains into the ﬁeld of ﬁrst order mod-
elization of the plasma behaviour inside a Hall eﬀect thruster, giving contributions in the analysis
of both standard and non-standard HETs conﬁgurations.
A complete research of the state-of-the-art modelization of the plasma wall interaction and ero-
sion was presented, analyzing various models along with their advantages and drawbacks. The
analysis of the interaction between plasma and walls lead us to develop an original sheath model
that allows a general inclination of the magnetic ﬁeld line with respect to the wall. This model was
analytically solved, obtaining closed form expressions of the ﬂoating potential and the velocities
at the plasma edge of the sheath, and their simpliﬁed dependence on the local plasma properties.
While classical sheath models are suitable to study the insulating walls eﬀect on the plasma inside
the channel of standard HETs, the discussed generalization is needed when particular magnetic
ﬁeld topologies are under analysis, like in the case of magnetically shielded HETs.
Then a one-dimensional model of a Hall eﬀect thruster was developed. With the assumptions
we made, this ﬁrst model is capable of simulating the operative conditions of current HETs with
ideal, quasi-radial magnetic ﬁeld topologies. The main additions with respect to previous models
are:
 the complete problem was at ﬁrst faced and a sensitivity analysis on the relevance of the
electron pressure and the ion's boundary condition at the anode was performed. Ultimately
we were able to demonstrate their irrelevance on the solution. Thus we were able to neglect
the pressure and to apply a positive ion velocity at the anode, greatly simplifying the
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problem, without loosing accuracy;
 a general study also on the neutral mean motion was performed and the neutrals velocity was
physically linked with the operation condition and in particular on the anode temperature;
 the radial behavior of the plasma was analyzed and a simpliﬁed, closed form solution for both
the wall particle and energy losses was found. The uncertainties on the radial model were
accounted for with a free parameter f that ultimately was found to be in close proximity
to 1 for all operation conditions, validating the simpliﬁed radial model for a ﬁrst order
description;
 a general dependance of the anomalous diﬀusion parameter αB on the operation condition
was allowed, and upon solution, we found a clear dependance of the anomalous diﬀusion
parameter on the discharge voltage;
Then the model was validated against the experimental data available for the Alta HT-5k thruster.
After calibration the model predictions showed a remarkable agreement with the experimental
data, generating results on the performance that, for the case of the thruster's nominal operation
condition, were less than a 1% away from the actual experimental performance. When oﬀ design
conditions were studied, very low errors were found and therefore a reliable computed operation
map for the thruster was built. Moreover the analysis of the plasma properties trends in the chan-
nel and the near plume, along with the formulated plasma-wall interaction models, highlighted
the fundamental relevance that the presence of the wall has on the plasma regime in the thruster.
In particular from the temperature proﬁle it is evident how the walls are the primary energy sink
in the thruster, and how the temperature peak, when the input power increases, tends to move
outside of the thruster.
The model is, therefore, validated, and gives now a toolbox to predict the operation of standard
HETs with very low computational eﬀorts and very good accuracy.
After that the ﬁrst steps in the modelization of non standard HET conﬁgurations were performed.
In order to fulﬁll the ﬁrst theoretical work foreseen in ESA's Long Life Low Erosion Hall Eﬀect
Thruster TRP, commissioned to Alta S.p.A (now Sitael S.p.A.), the concept of magnetic shielding
was studied, qualitatively justiﬁed and discussed, and a second model, that should be able to
analyze non standard HETs conﬁgurations with complex 2D magnetic ﬁeld topologies, formulated.
In this model the anisotropy induced by the presence of the magnetic ﬁeld was used assuming that
the plasma properties gradients in the direction orthogonal to the magnetic ﬁeld were dominant,
allowing for a ﬁrst order, one-dimensional, description of a general HET, not constrained by the
assumption of ideal, quasi-radial magnetic ﬁeld.
The complete formulation of the problem is presented, along with the mathematical deﬁnition of
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the magnetic coordinates and the ﬁnal set of equations that regulates the problem. These, while
slightly more complicated, retain an intrinsic mathematical formulation analogue to the one of
the previous model and, therefore, its solution can be approached in the same way.
In the end all the objectives that were stated at the beginning of the work were fulﬁlled.
10.2 Future work
Much work is still needed, and in depth research is already scheduled for the near future.
10.2.1 Plasma-wall interaction
To further increase the understanding of the eﬀects of the presence of the insulator walls on the
plasma behavior the research can move in diﬀerent directions, either the complete radial non-
quasineutral model presented in Section 4.2 is numerically integrated, or a kinetic analysis of the
motion of the particles in the sheaths is performed. Anyway, considering the results obtained in
this thesis, no great increase in accuracy is expected in return of the high increase in numerical
complexity.
Furthermore the original model that allows for a general inclination of the magnetic ﬁeld with
respect to the wall, described in Section 4.4, needs further development. In particular secondary
electron emission needs to be added to the description. Then a general analysis of the local
erosion rate varying ϕ will be performed, so to obtain the value of ϕ¯ for which erosion saturation
is achieved, as a function of the local temperature and orthogonal velocity.
10.2.2 1D Model of a HET channel with ideal radial magnetic ﬁeld
For what concerns the ﬁrst model proposed, already integrated and validated on a real thruster,
the future research will ﬁrst increase the physical description of the phenomena inside the channel:
a better description of the presheath physics will be introduced, trying to give an analytical
dependence of the parameter f over the local plasma variables; The wall interaction terms will
be modiﬁed to account also for the local inclination of the magnetic ﬁeld with respect to the wall
and a better description of the neutral motion in the channel will be performed, releasing the
constant velocity assumption.
A part from this modelization eﬀort, many applications of the model are foreseen in the near
future: the ﬁrst scheduled task is to add to the model the prediction of the erosion rate of the
channel walls, and validate also the erosion predictions with ad-hoc experiments that will take
place in the near future; the following step is to predict the operation behavior of other thrusters
such as FAKEL's SPT-100, for which a large set of experimental data is present; then, as part of
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the KHT ESA TRP, the eﬀect of the usage of diﬀerent propellants, in particular Krypton, will
be analyzed. In the end, studying diﬀerent operation condition, the general dependence of the
anomalous diﬀusion coeﬃcient αB will be analyzed, and an attempt to correlate it with unstable
modes in the thruster will be performed.
10.2.3 1D Magnetic model of a HET channel with real 2D magnetic
ﬁeld
Considering that the second model was only formulated, the clear direction of the research eﬀort
in this ﬁeld will be towards the integration and validation of the magnetic model.
At ﬁrst the model will be used to provide a prediction of the behaviour in the nominal operation
mode of the HT-5k, but allowing its actual 2D magnetic ﬁeld to aﬀect the plasma.
Once the model gets validated it will represent a very good compromise between accuracy and
model simplicity for the prediction of HETs behaviour.
Then, as part of the Long Life Low Erosion Hall Eﬀect Thruster ESA TRP, the model will be
used, at ﬁrst, to theoretically validate the magnetic shielding concept and estimate it's eﬀect on
the thruster performance. Then it will be used as a preliminary design tool to ﬁnd an optimal
conﬁguration of magnetic ﬁeld and channel geometry for a magnetically shielded thruster. After
the analysis, a mock-up thruster will be produced and experimentally studied. Lastly, once the
best conﬁguration is found, all the eﬀorts will lead to the production and assessment of a fully
functional, magnetically shielded Hall thruster.
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10.3 Last word
Look again at that dot. That's here. That's home. That's us. On it everyone you love, everyone
you know, everyone you ever heard of, every human being who ever was, lived out their lives.
The aggregate of our joy and suﬀering, thousands of conﬁdent religions, ideologies, and economic
doctrines, every hunter and forager, every hero and coward, every creator and destroyer of civ-
ilization, every king and peasant, every young couple in love, every mother and father, hopeful
child, inventor and explorer, every teacher of morals, every corrupt politician, every superstar,
every supreme leader, every saint and sinner in the history of our species lived there - on a mote
of dust suspended in a sunbeam. (Carl Sagan)
Earth is home
The Earth is the cradle of humanity, but mankind cannot stay in the cradle forever. (Kon-
stantin Tsiolkovsky)
Mankind waited far too long in Earth's womb, it's time to move on.
This work is nothing but a pinpoint in the painting of human eﬀort towards space exploration,
and we know it's not perfect, but we hope it's a good start.
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